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Abstract. In this paper, we introduce six axioms for relative Bott-Chern secondary 
characteristic classes and prove the uniqueness and existence theorem for them. 
Such a work provides us a natural way to understand and hence to prove the 
arithmetic Grothendieck-Riemann-Roch theorem. 
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Introduction 



This paper comes partly as a result of our renewed attemp to simplify and clarify 
our previous work on the so-called relative Bott-Chern secondary characteristic 
classes and an arithmetic Grothendieck-Riemann-Roch theorem for local complete 
intersection morpohisms done in 1991 (see e.g., [Wei, 2]). Our (initial and final) aim 
is to expose the natural structure of the arithmetic Grothendieck-Riemann-Roch 
theorem via a theory for relative Bott-Chern secondary characteristic classes. 

Yet, the works done in [Wei, 2] are far from being perfect. To make things 
worse, as what we found recently, the original uniqueness assertion for the relative 
Bott-Chern secondary characteristic classes stated in [Wei, 2] is not entirely correct. 
Fortunately, this mistake is by no means a fatal one. It is our main task here to 
correct this mistake and to fix some other flaws (appeared in [Wei, 2]) so as to make 
the theory of relative Bott-Chern secondary characteristic classes and our arithmetic 
Grothendieck-Riemann-Roch theorem for local complete intersection morphisms 
revive. In this way, we then hope that the reader can understand the arithmetic 
Grothendieck-Riemann-Roch theorem at its own disposal. 

This paper is organized as follows. We begin with a review of a theory of the 
classical Bott-Chern secondary characteristic classes in Chapter 1. Then, in Chap- 
ter 2, we introduce five of six key axioms for our relative Bott-Chern secondary 
characteristic classes, which consist of the downstairs rule, the projection rule, the 
functorial rule, the uniqueness rule with respect to hermitian vector bundles, and 
the uniqueness rule with respect to metrized morphisms. The final axiom, the de- 
formation to the normal cone rule, for relative Bott-Chern secondary characteristic 
classes is introduced in Chapter 3. After this, we state two uniqueness theorems for 
the relative Bott-Chern secondary characteristic classes in Chapter 4. In Chapter 
5, we prove a few intermediate results as a preparation to prove the uniqueness 
theorems. In Chapter 6, we complete the proof of the uniqueness theorems for rel- 
ative Bott-Chern secondary characteristic classes. Finally, in Chapter 7, we prove 
a weak version of the existence theorem for relative Bott-Chern secondary charac- 
teristic classes by an effective construction, which is sufficient and necessary for the 
application to the arithmetic Grothendieck-Riemann-Roch theorem. 
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1. Classical Bott-Chern secondary characteristic classes 

A) Axioms for classical Bott-Chern classes 

B) Uniqueness of classical Bott-Chern classes 

C) Existence of classical Bott-Chern classes 

Associated to a hermitian vector bundle (E, p) on a complex manifold M are Chern 
forms ch(E,p). It is well-known that the differential forms ch(E 7 p) are (i-closed 
on M. Hence they define de Rham cohomology classes [ch(E,p)] G H*(M,M). 
Moreover, the classes [ch(E, p)] do not depend on the choice of the metric p. 

On the other hand, if we view ch(E, p) as genuine differential forms, they do 
depend on the metric p. Hence a natural question is to understand how Chern 
forms depend on metrics. This problem is solved by Bott and Chern in [BC], 
via the so-called classical Bott-Chern secondary characteristic classes. We in this 
chapter review the accociated theory. 

A. Axioms for classical Bott-Chern classes 

(A.l) Let (E,p) be a hermitian vector bundle of rank r on a complex manifold 
M. It is well-known that there exists a unique connection Ve,p on E which is 
compatible with the complex structure 8 of E and preserves the metric p. The 
associated curvature is then defined to be V 2 E p . 

With respect to a local frame su over an open trivialization chart U for E, 
the connection V e, p (resp. the curvature V 2 E ) may be represented by an r x r- 
matrix uu (resp. Qu) of differential 1-forms (resp. differential (l,l)-forms) on U. 
Furthermore, Qjj satisfies the Bianchi identity 

cIQ = Q,Auj-ujAuj. (1.1) 

Moreover, if V is another open trivialization chart for E with sy a local frame of 
E on V, gvu '■ U (~)V — > GL(r, C), the associated holomorphic transformation, then 
on U fl V, su = sy ■ gvu, an d 

tou = 9vu'^v • 9vu- (I- 2 ) 

Here fly denotes the curvature forms of (E, p) on V with respect to the local frame 
s v . 

(A. 2) To facilitate the ensuring discussion, we now recall a result from algebra. Let 

B C R be a subring, and let <fi E B[[Ti, . . . , T r ]] be a symmetric power series. For 
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every k > 0, denote by the degree k homogeneous component of <j). Then there 
exists a unique polynomial map 

d> [&] : M r (C) - C 

from the ring of r x r complex matrices such that 

(1) $[ fc j is invariant under the conjugation of GL(n, C); 

(2) $ [fc] (diag(ai,...,a r )) = (j> [k] (ai, . . . , a r ). 

Thus, more generally, for any S-algebra A, we have a well-defined map 

$ = © fc >o$[fc] : M r (A) -> A. 

This then implies that for a nilpotent subalgebra 7 of A, we may also have a well- 
defined map 

$ = ©fc>o$ W : M r (I) -> A 

(A. 3) We apply (A.l) and (A. 2) as follows. With the same notation as above, 
if (E, p) is a hermitian vector bundle of rank r on a complex manifold M, and 
<p G -B[pi, . . . , T r ]] is a symmetric power series, then on a local trivialization chart 
U of E, define differential forms <j>(E, p; U) on U by 

<f>(E,p;U) :=$(_!_. fiy). 

Here we set A := := Q) p >oA p ' p (U) be the space of all (p, ^-differential forms 

on U and / =: ® P >iA p ' p (U). 

Then by (1.2), and A. 2.1, {(U,<j>(E, p;U))} defines global differential forms on 
M. Denote these resulting forms by <fi(E, p) and call them the characteristic forms 
assocated to (E, p) with respect to 0. 

Theorem. With the same notation as above, 

(1) 4>{E,p) are d-closed differential forms on M, i.e. d((f)(E,p)^ = 0. 

(2) For any map f : N — > M of complex manifolds, f*(<f>(E,p)) = <j>(f*E, f*p). 

(3) If (E,p) is a hermitian line bundle (L,p), then 4>{L,p) = 0(ci(L,p)). Here 
ci(L,p) is the so-called first Cher n form of (L, p) defined to be the differential form 

dd c (-\og\\s\\ 2 p ). 

(4) The de Rham cohomology classes [4>(E, p)] G H*(M, R) of(f>(E, p) do not depend 

on the choice of p, but the forms 4>{E, p) themselves do depend on p. 
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The proof of this theorem may be found in standard textbooks which contain the 
theory of characteristic forms. (In fact, (1) is a direct consequence of the Bianchi 
identity (1.1).) So we omit it. Instead, we point out that first, (1), (2), (3) and (4) 
charactrize the characteristic classes associated to uniquely; and secondly, (4) is 
the starting point of our story. 

(A. 4) Now a natural question is how characteristic forms depend on hermitian 
metrics. This problem is solved by Bott and Chern via the so-called the classical 
Bott-Chern secondary characteristic classes [BC]. 

To state their fundamental result, following [GS2], we start with the following 
axioms for the classical Bott-Chern secondary characteristic classes, (f)Bc{E., p.), 
with values in A{M) := A{M)/(\md + Im<9), associated to a symmetric power 
series <fi, a short exact sequence of vector bundles E. : — > E\ — > E 2 — > E 3 — > on 
M, and hermitian metrics pj on Ej for j = 1, 2, 3. 

Axiom 1. (Downstairs Rule) In A(M), 

dd c (t>B C {E., p.) = (t>{E 2 , p 2 ) - 0(^i © E 3 , Pl © p 3 ). 

Axiom 2. (Functorial Rule) For any morphism / : N — > M of complex manifolds, 

r{<p BC (E., P .)) = BC (r e.j* p.). 

Axiom 3. (Uniqueness Rule) If (E.,p.) splits, i.e. (E 2 , p 2 ) = {E\ © E 3 , pi (Bps), 
then 

0BC(^.,P-) = O. 

(A. 5) We have the following 

Theorem. (Existence and Uniqueness of Classical Bott-Chern Secondary 
Characteristic Classes) ([BC] & [GS2]) For any symmetric power series <j>, there 
exists a unique construction </>bc such that associated to each short exact sequence 
of vector bundles on a complex manifold M 

E. '. — > Ei — > E 2 — > i?3 — > 

and hermitian metrics pj on Ej for j = 1, 2, 3, is a unique element (f>Bc(E-, p.) € 
A(M) which satisfies Axioms 1, 2, and 3. 

Remark 1.1. We will call the unique element 4>bc(E. : p.) G A(M) the classical Bott- 
Chern secondary characteristic classes, or classical Bott-Chern classes or simply 
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Bott-Chern classes, associated to (E.,p.) and 0. Useful examples are given when 
<j> corresponds to ch, the Chern characteristic class, or td, the Todd characteristic 
class. In these cases, we denote them by chec and tdec respectively. 

Remark 1.2. 4>bc(E., p.)'s are not differential forms, rather they are in A, the 
quotient space of differential forms modulo the exact forms. 

Remark 1.3. When E 3 = 0, so that Ei = E 2 =: E, we write 4>bc{E., p.) simply as 
0bc(£;P2,Pi)- Thus, by Axiom 1, 

dd c (pBc(E; p 2 , Pi) = (f>(E, p 2 ) - (f>(E, pi). 

So 4>bc{E; p2, Pi) measures how (f>(E, p) depends on the metric p. 
B. Uniqueness of classical Bott-Chern classes 

(B.l) For the time being, assume that there exist elements 4>Bc(E.,p.) G A(M) 
satisfying Axioms 1, 2 and 3. Our aim in this section is to prove the uniqueness 
part of Theorem A. 5 by using a Preformation following [GS2]. 

Let Iqo be a section of the bundle O-pi (1), which vanishes at oo and has the value 
1 at 0. So we have an inclusion Id^ <8> 1^ : E\ — > E\{X). Set 

DE\ := -E'i(l) := E\ (g) Opi (1), DE 2 := (E 2 E 1 {l))/E 1 , DE 3 := E 3 . 

Then we obtain an exact sequence of vector bundles onMxP 1 : 

DE. : -> DE 1 -> DE 2 -> DE 3 -> 0. 

Easily we see that the restriction of -D-E. on M x {0} gives i?. on M while the 
restrction of DE. on M x {oo} gives the splitting exact sequence — > i?i — > 
E 1 ! © i?3 — > i?3 — > on M. (So we deform E. to a split exact sequence.) By a 
partition of unity, we may further choose hermitian metrics Dpi on DEi, i = 1,2, 3, 
such that the induced metrics on M x {0} (resp. on M x {oo}) via restrictions 
coincide with the original metrics pi (resp. splits). Now define an element in A(M) 
by setting 

& C (E., p.) := J [log \z\ 2 ] ■ (<KDE 2 , Dp 2 )) . 

By an abuse of notation, we use (f)' BC (E., p.) to denote its image in A(M) as well. 

To prove the uniqueness, it suffices to justify the following 

Claim. With the same notation as above, 
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(1) (j)' BC (E., p.) G A(M) does not depend on Dp 2 ; 

(2) <f>' BC (E.,p.) = <hc(E.,p.) m A{M). 

(B.2) To prove Claim B.l.l, we use a P 1 -deformation again. Suppose that Dp 2 and 
Dp' 2 are metrics on DE 2 such that they induce the same metrics on M x {0} as 
well as on M x {oo}. Consider the product M x P 1 x P 1 with points (y, z, u). We 
have the following natural maps: 

jl2 jl3 

M x P 1 A M x P 1 x P 1 p ™ M x P 1 , M x P 1 A M x P 1 x P 1 p -¥ M x P 1 , 
defined by 

^uiVi z) := (y, z, u), pi 2 (y, z, u) := (y, z), if(y, u) := (y, z, u), pi 3 (y, z, u) := (y, u). 

Also let pi : M x P 1 — > M be the projection to the first factor. Then by a partition 
of unity, we may find a metric r on the bundle p\ 2 DE 2 such that 

(i) {ify{p\ 2 DE 2 ,T) ~ (DE 2 ,Dp 2 ) and (i^)*(pi 2 DE 2 ,r) ~ (DE 2 ,Dp' 2 ); 

(ii) (zi 3 )*(K 2J DE 2 ,r)~K(£; 2 ,p 2 ) and (i^)*(pf 2 D£? 2 ,r) ~ £? 3 ,Pi © Pa)- 
Hence, 

/ [log|z| 2 ]<£(£>E 2 ,£>p 2 )- / [log k| 2 ] <f>(DE 2 ,Dp 2 ) 
= jf i [log |^| 2 ] (0(£>E 2 , Dp,) - 0(£>E 2 , £>p' 2 )) 

[logkl 2 ] (H(^nPl2DE 2 ,r)) -<P{^r(pl 2 DE 2 ,r))) 
= I [log\z\ 2 ] [log\u\ 2 ](d u d c u ( ( p(pl 2 DE 2 ,T))) (by Stokes' formula). 



/ 

JP 1 

/ 

Jp 



But if we let d — &m + d z + d u and d = 8m + d z + d u be the differentials on 
M x P 1 x P 1 , then by the fact that characteristic forms are (/-closed, we have 

/ [log| 2 | 2 ] [log\u\ 2 ](d u d c u {<P(pl 2 DE 2 ,r))) 

[log \z\ 2 } [log \u\ 2 } (d z d c z {<P(p* 12 DE 2 , r))). 

pi xP i \ / 



Thus, using Stokes' formula again, we have 

/ [log\z\ 2 ]<f>(DE 2 ,Dp 2 )- [ [log\z\ 2 ]cP(DE 2 ,Dp' 2 ) 
Jp 1 Jp 1 

= Jjlog\u\ 2 ] (^T^DE^t)) -0((zL 3 )*(K 2 ^2,r))) 

= J [log \u\ 2 ] (p{ (0(£ 2 , p 2 ) - ( />(E 1 © E 3 , Pl © p 3 ); 

= / [log \u\ 2 ] (pl ((j)(E 2 , p 2 ) - <j>{E 1 © E 3 , pi © Ps)) 
Jpi v 



=0. 

Here, in the last step, we use the fact that p\{(f)(E 2 , p 2 ) — (j){E\ © E 3 , p\ © p 3 )) is a 
constant form with respect to P 1 and hence its integration with respect to log |w.| 2 
over P 1 is identically zero. This proves Claim B.l.l. 

(B.3) Next we prove Claim B.1.2. By Axiom 1, 

[log \zf\ d M xWid c MxF i(f>Bc(DE., Dp.) 

I [\og\z\ 2 ](j){DE 2 ,Dp 2 )- [ [log\z\ 2 ](j)(DE 1 (BDE 3 ,Dp 1 (BDp 3 ) (1.3) 
Jp 1 Jp 1 



= [ [\og\z\ 2 ]cf>(DE 2 ,Dp 2 ). 
Jp 1 



Here, in the last step, we use the fact that (j}{DE\ © DE 3 , Dpi © Dp 3 ) remains the 
same if we make a change from z to z~ l . Therefore, in A(M), 

<Pbc(E.,P.) 

= [ [loglz^^DE^Dp^ 
Jp 1 

= [ [log\z\ 2 ]d M xpid c Mx¥l (t>Bc{DE.,Dp.) (by (1.3)) 
Jp 1 

=i*(f> BC (DE., Dp.) - i^BciDE., Dp.) 

=<p BC (E.,p.) - i^BciDE^Dp.) (by Axiom 2 as i*(DE.,Dp.) = (E.,p.)) 

=(j) B c(E., p.) - (by Axiom 3 as i^DE., Dp.) splits) 

=<p BC (E.,p.). 

This completes the proof of Claim B.1.2 and hence the uniqueness of the classical 
Bott-Chern secondary characteristic classes. 

C. The existence of classical Bott-Chern classes 

(C.l) In this section, we show that there exists a construction B c which satisfies 
Axioms 1, 2 and 3 in (A. 4). 



To do so, as above, set 

<hc(E.,p.) := J [log\z\ 2 ] ■ {c/>(DE 2 ,Dp 2 )y 

By the fact that dd c [log \ z\ 2 ] = 5o — 5^, and characteristic forms are enclosed and 
functorial, (see e.g., Theorem A. 3(1) and (2),) (f>Bc(E., P-) satisfies Axiom 1. 

(C.2) By the fact that (f)Bc(E., p.) does not depend on Dp 2 , i.e., Claim B.l.l, and 
characteristic forms are functorial, i.e., Theorem A. 1.3, 4>bc{E-, p.) satisfies Axiom 
2 as well. 

(C.3) If (E.,p.) splits, we may take (DE.,Dp.) as the pull-back of (E.,p.) via the 
natural projection to M x P 1 . In this case, (p(DE 2 , Dp 2 ) does not depend on z. 
Hence 

0bc(£., P-) := J [log \z\ 2 ] • (c/>(DE 2 , Dfrj) = 0. 

This shows that 4>Bc(E.,p.) satisfies Axiom 3 too. This then ends the proof of 
the uniqueness and the existence of classical Bott-Chern secondary characteristic 
classes. 

(C.4) We end this chapter with the following remarks. At the very beginning, it 
is not quite clear why the secondary characteristic classes should be in A(M), 
a quotient of A(M). One possible explanation is that with the limitation of 
the methods employed, the uniqueness can only be established after modulo ex- 
act forms. On the other hand, we may equally use other spaces as well, e.g., 
A(M) := A(M)/(exact forms + d — closed forms). If we wish, we may justify this 
later choice of A{M) by arguing that, after all, ^(-E 1 , p) is equal to 4>{E, c ■ p) for 
any positive constant c, yet, in general, (f>Bc(E; p,c- p) ^ in A(M), (so it is too 
sensitive,) and the <i-closed forms have already been taken care of in the theory of 
characteristic classes (so in the theory of secondary characteristic classes, (i-closed 
forms should be simply viewed as zero). As a matter of fact, later in Section 7.B, 
we use yet a third space to understand classical Bott-Chern classes. 
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2. Axioms for relative Bott-Chern Secondary Characteristic Classes 

A) Downstairs Rule 

B) Projection Rule 

C) Functor ial Rule 

D) Uniqueness Rule w.r.t. Hermitian Bundles 

E) Uniqueness Rule w.r.t. Metrized Morphisms 

In this chapter, we naturally expose first five of six key axioms for the so-called 
relative Bott-Chern secondary characteristic classes associated to smooth proper 
morphisms of compact Kahler manifolds. 

A. Downstairs Rule 

(A.l) Let X and Y be two compact Kahler manifolds. Let / : X — > Y be a smooth, 
proper morphism between X and Y . For any y G Y, denote by X y the fiber of 
/ at y. Fix a hermitian metric r/ on Tf, the relative tangent vector bundle of /. 
Moreover, we assume that the metric on X y induced by the restriction of (Tf, 77) 
is Kahler for all y G Y . 

Let (E,p) be a hermitian vector bundle on X. Assume that E is /-acyclic, i.e., 
all higher direct images R l f*E vanish, where % > 0. As a direct consequence of this 
assumption, the direct image f*E of E is a vector bundle on Y. Moreover, f*E 
admits a natural metric L 2 (p, r), the L 2 -metric induced by taking integration of p 
along / with respect to Tf. In the sequel, we call (/ : X — > Y; E, p; Tf, Tf), or simply 
(E, p; f, Tf) a properly metrized datum if all the above conditions are satisfied. 

Associated to a properly metrized datum (E, p; f, Tf) is the so-called relative 
Bott-Chern secondary characteristic classes cIibcI-E', P\ f, Tf) G A(Y) which may be 
essentially characterized by the following axioms. 

(A. 2) Axiom 1. (Downstairs Rule) In A(Y), 

dd c ch BC (E, p; f, T f ) = /* (ch(E, p) ■ td(T f , Tf j) - ch^E, L 2 (p, r)) . 
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B. Projection Rule 

(B.l) Let (F, pf) be a hermitian vector bundle on Y. Then E ® f*F is /-acyclic as 
well. (Indeed, we know that f*(E®f*F) = f*E®F.) So, (E® f*F, p® f*p F ; f,r f ) 
is again a properly metrized datum. Thus, we also have the relative Bott-Chern 
secondary characteristic classes chec^ <8> f*F, p ® f*p F 'i /, Tf) G -4(F). 

(B.2) 4zzom 2. (Projection Rule) In A(Y), 

ch BC (E ® f*F, p ® f*p F ; /, Tf ) = ch BC (E, p- /, Tf ) ■ ch(F, p F ). 

C. Functorial Rule 

(C.l) Let g : Y' — > Y - be a morphism between two compact Kahler manifolds. Then 
we have the Cartesian product 

Xx Y Y' % X 
fgi if 

Y > Y . 
Define the pull-back of (E, p; /, r/) via gf by 

g}(E,p;f,r f ) = (g}(E,pyj g ,g}r f ). 

Easily, we see that 

(i) by the /-acyclic condition on E, g^E is /^-acyclic; 

(ii) g*fTf gives a hermitian metric on the relative tangent bundle Tf g for the smooth, 
proper morphism f g which induces Kahler metrics on its fibers. 

Hence, g}(E, p; /, Tf) is again a properly metrized datum, and we may have the 
corresponding relative Bott-Chern secondary characteristic classes ch B c (j)f(E, p; /, Tf)j G 
A{Y') as well. 

(C.2) Axiom 3. (Functorial Rule) In i(Y'), 

g* f (ch BC (E,p;f,T f )^ = di B c{gf(E,p;f,Tf)j. 
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D. Uniqueness Rule w.r.t. Hermitian Bundles 

(D.l) Let E. : — > E\ — > E2 — > -E3 — > be an exact sequence of /-acyclic vector 
bundles on X. Then the direct image of E. gives an exact sequence of vector 
bundles on Y as follows; 

f*E. : — > i^-Ei — > /*i?2 — > /*-E , 3 - *■ 0. 

If we put hermitian metrics pi on E^, i = 1,2,3, we then get naturally L 2 - 
metrics L 2 (pi,Tf) on f^E^. By Theorem 1.A.5, there exists the so-called (clas- 
sical) Bott-Chern secondary characteristic classes associated to both (E.,p.) and 
(f*E., L (p., Tf)). Denote these two classical Bott-Chern secondary characteristic 
classes by ch.Bc(E., p.) e A(X) and ch.Bc(f*E.,L 2 (p.,Tf)) G A(Y) respectively. 
Surely, for each (Ei,pi), i = 1,2,3, we have the corresponding properly metrized 
datum (Ei, pf, f,Tf), and hence the relative Bott-Chern secondary characteristic 
classes ch B c(^i, pi', /, Tf) e MY). 

(D.2) Axiom 4- (Uniqueness Rule w.r.t. Hermitian Bundles) In A(Y), 

ch B c(^2, P2; /, Tf) - ch BC (E 1 , pi; /, r f ) - ch BC (^3, P3? /, T f ) 
=U (ch BC (^., p.) ■ td(T f , r f )) - ch BC L 2 (p., r/)) . 

E. Uniqueness Rule w.r.t. Metrized Morphisms 

(E.l) Let Z be a compact Kahler manifold and (7 : Y — > Z be a smooth, proper 
morphism. So we have a triangle of smooth fibrations of compact Kahler manifolds 
among compact Kahler manifolds as follows; 

X ^ Y 

9°f\ I 9 
Z. 

Naturally, we have the short exact sequence of relative tangent bundles 

T.: -> 2> -> T ao/ 0, 

where T/, T g and T go f stand for the relative tangent bundles associated to the 

smooth, proper morphisms /, g and g o f respectively. Put hermitian metrics 77, 

r g and Tg f on Tf, T g and T go f respectively such that the induced metrics on all 

corresponding fibers are Kahler. By Theorem 1.A.5, we have the corresponding 
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(classical) Bott-Chern secondary characteristic classes tdsc (T-,r.) E A(X) with 
respect to the Todd characteristic class. 

(E.2) Recall that E is /-acyclic so that f*E is a vector bundle on Y . In addition, as- 
sume that E is (7o/-acyclic and f*E is g-acyclic. As a direct consequence, (gof)*E is 
a vector bundle on Z and is equal to g*(f*E). All this gives us the properly metrized 
data (E, p; /, 77), (f*E, L 2 (p, Tf);g, r g ), and (E, p; gof, r go f), and hence their associ- 
ated relative Bott-Chern secondary characteristic classes ch^ciE, p; f, tj) E A(Y), 
ch BC {f*E,L 2 (p,T f );g,T g ) E A(Z) and ch BC (£, p; 9 ° /, r gof ) E A(Z). 

Moreover, on Z, we have a short exact sequence of vector bundles 

0^g*(f*E)^(gof%E^0. 

Put the L 2 -metrics L 2 (p, r go f) and L 2 (L 2 (p, 77), t 3 ) on (g o f)*E and on g*(f*E) 
respectively, we then have the associated (classical) Bott-Chern secondary charac- 
teristic classes, which, as in Remark 1.1.3 in 1.A.5, we denote by 

ch BC ((<7 o f)*E- L 2 (p, Tgof ), L 2 (L 2 (p, Tf ),Tgj) E A[Z). 

(E.3) Axiom 5. (Uniqueness Rule w.r.t. Metrized Morphisms) In A{Z), 

ch B c(E,p;go f,r gof ) 

- 9* (ch BC (E, p; f, 77) • td(T g , r ff )) - ch BC (f*E, L 2 (p, 77); g, r ff ) 
=(g o /)* (ch(£, p) ■ td BC (T., r.)) - ch BC ((9 ° /)*£; L 2 (p, r go/ ), L 2 (L 2 (p, 77), r fl )) . 

(E.4) To state the last axiom, the deformation to the normal cone rule, we need to 
make a lengthy discussion. So we delay it untill the next chapter. 
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3. Deformation to the Normal Cone Rule 



A) Deformation to the normal cone: an algebraic construction 

B) Deformation to the normal cone: the associated metrics 

C) Deformation to the normal cone rule 

In this chapter, we give the final axiom for the relative Bott-Chern secondary 
characteristic classes, the deformation to the normal cone rule. 

A. Deformation to the normal cone: an algebraic construction 

(A.l) Let / : A — > Y and g : Z — > Y be two smooth, proper morphisms of compact 
Kahler manifolds and i : A — > Z be a codimension one closed immersion over Y, 
i.e., % is a closed immersion of codinemsion one such that / = g o i. Then we have 
the following standard construction of the deformation to the normal cone. 

Denote by 

7T : W := B Xx{oo} Z xPUZxP 1 , 

the natural projection, where B Xx {oo}Z x P 1 denotes the blowing-up of Z x P 1 
along Ix{oo}. Denote the exceptional divisor of n by P. It is well-known that the 
map qw : W — > P 1 , obtained by composing tc with the projection q : Z x P 1 — > P 1 , 
is flat, and that for t G P 1 : 



Qw(t) = 



Z x {£}, for t 7^ oo, 
PUBjZ, fort = 00. 



Here -Bx-Z denotes the blowing-up of Z along X. Moreover, by the construction, 
P and BxZ intersect transversally, and P fl BxZ is the exceptional divisor X on 
B X Z(= Z x {00}, due to the dimensional reason). 

Denote by I : X x P 1 <^-> W the induced codimension one closed embedding. 

Easily we see that the image of / does not intersect with B X Z, and the image 

X x {00} in W is a section of P. Denote the induced fibration Z x {t} — > F x {t} 

by fift for t 7^ 00 and set g^ to be the composition of the projection of P on X with 

(X =)X x {00} -> y x {cx)}(= y). Denote by / t : A x {t} -> y x {t} the smooth 

morphisms induced from / for all t G P 1 , by z'^ the inclusion of = P + B X Z 

into W, and by (resp. /) the inclusion of P (resp. B X Z) to W. So we have the 
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following commutative diagram; 

X x {t} ^ IxP 1 X x {00} 

I fc/ p I 

I (^00) Zx{f} BxxW^xP 1 ^ + \goo I 

I Z\ Z I 

ft \ 7T I / /oo 

I Jt/ ZxP 1 \ I 

i 

i i 

Y x {t} ^ Y x P 1 y x {cx)} 

(A.2) Now let E be a sr-acyclic vector bundle on Z such that E(-X) := E®O z {-X) 
is g-acyclic as well. In particular, we have the short exact sequence 

— »■ E(—X) E ^ i*i*E — ► (3.1) 

on Z. We want to introduce a Preformation for (3.1) via — > P 1 . 

First, pulling it back toZxP 1 , we have the short exact sequence — > p* z E(— X x 
P 1 ) -> p|£ -> 11(1')* E -^OonZxP 1 . Here p z :ZxPUZ denotes the natural 
projection and I' : I x P 1 ^ Z x P 1 denotes the induced injection from i. 

To get a Preformation for (3.1) on W, we should take, instead of simply taking 
ir*(p* z E(-X x P 1 )), the vector bundle n*(p z E(Z x {00} -X x P 1 )). (For a possible 
motivation, see e.g., the definition DE\ in l.B.l.) Then, we know that 

n*(p* z E(Z x {00} -X x P 1 )) 
= (7r 0:Pz )*£® 7r*0 ZxP i(Z X {(X)} -X x P 1 ) 
= (7rop z )*£®£>v K (P+ J B x Z-X x P 1 -P) 
= (nop z )*E(g)O w (B x Z-X x P 1 ) 
= (to Pz )*E(5 x Z-1x P 1 ). 

So the correct choice of the Preformation of (3.1) on W we seek is the following 
exact sequence of coherent sheaves on W; 

-> (tto^^BxZ-XxP 1 ) -> (7rop z )*£(B x Z) -> /,/* ((nop z yE(B x Z)) -> 0. 

(3.2) 
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Indeed, by the flatness of qw '■ W — > P 1 , the restrictions of (3.2) to the fibers 
W t of qw for all t e P 1 are exact. Thus, in particular, for each £ 7^ 00 in P 1 , from 
(3.2), we have the induced exact sequence 

-> £ t (-X) -> -> (z t )*z t *£ t -> over Z x {£} (3.3) 

as (7rop z )*£;(S x Z)| Zx{t} = £ t , (7rop z )*£(B x Z-X x P 1 )| Zx{t} = E t (-X) with 
i?t the pull-back of E under the canonical identity X x {t} ~ X. Similarly, for the 
fiber at 00, if we set £(B x Z)| p := E^, E(B x Z)\ BxZ =: E'^ and £(B X Z - X x 
P 1 )^ z =: Then E(B X Z - IxF 1 )^ ^(-X), and (3.2) splits into two 
exact sequences 

— > i? 00 (— X) — > i^oo — > (Zqo 

)*C^oo -> over P (3.4) 

and 

0->£?^->£?^->0->0 over (3.5) 

Here in the last statement, we use that fact that I(X x P) is away from B X Z in 
W. Thus, in particular, on B X Z, E'^ = E'^. Now we further assume that E on Z 
is chosen so that E^ and i? 00 (— X) are all goo-acyclic. 

Note that X x P 1 is away from B X Z, the restriction of E^ — E^—X) to B X Z 
gives a zero element in the X-group of ¥DB X Z. As a direct consequence, in K{Y), 
we get, for all t e P 1 , 

(<7t)*(£t) - (<7t)*(£ t (-X)) = (^oo)*^) - (^oo)*(^oo(-^)). (3.6) 

B. Deformation to the normal cone: the associated metrics 

(B.l) With the same notation as in the previous section, choose a Kahler metric 
t w on W. Then rw naturally induces Kahler metrics r gt and t 9oc on Z t := Z x {t} 
and P respectively for all t 7^ 00. Note that for a smooth morphism, the relative 
tangent bundle is a subbundle of the tangent bundle of the total space, by taking 
restriction again, we then get hermitian metrics Tt on T gt for all t G P . Easily, we 
see that the induced metrics for fibers of g t from r t are all Kahler. 

Now let E be a g-acyclic vector bundles on Z such that and E t (— X) are 

(7 t -acyclic as well for all i G P 1 . Fix hermitian metrics p and p' on and on E(—X) 

respectively. Use the same notation to denote the pull-back of (E, p) onto W. 

Choose the Fubini-Study metric on Ofi (00) and a metric on Ow( — X xP 1 ) such that 

in a neighborhood U of B X Z, which is away from IxP 1 , the natural isomorphism 
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Ow{—X x P 1 ) ~ Ow induces an isometry, once we put the trivial metric on Ow 
Denote these final induced metrics on E(B X Z) and E(B X Z - IxF 1 ) by Dp and 
Dp' respectively. (Question: Figure out how the metric on Ow(BxZ) is defined?) 

Denote the induced metrics via restrction to E t and E t (—X) (resp. to E'^ and 
E'^ on BxE) by p t and p' t respectively for all t G P 1 , (resp. p"^ and p"^). Easily, 
we see that po = p and p' = p', and (E^, p'^) is isomorphic to (E'^, p'^) by the 
construction. In this way, 

(E(-X),p')^(E,p) on Z 

is deformed to 

{E 00 {-X),p' 00 )^{E 00 ,p 00 ) on P 

(and 

{E^ p'^) ^ {E^ pZ) on B X Z). 

In particular, we have, for all i £ P 1 , 

(i) smooth, proper morphisms gt for compact Kahler manifolds, together with her- 
mitian metrics r t on relative tangent bundles T t := T 9t , whose induced metrics on 
all fibers of g t are Kahler as well; 

(ii) (^-acyclic hermitian vector bundles (E t , p t ) and (E t (— X), p' t ). 

Thus, as a direct consequence, we have the properly metrized data (E t , pt, gt, T 9t ) 
and (E t (— X), p' t ; g t , r 9t ) for all t G P 1 , and their associated relative Bott-Chern sec- 
ondary characteristic classes cIibc^, Pt', gt, T 9t ) G A(Y) and ch.Bc(E t (— X), p' t ; g t , T 9t ) G 
A(Y) for all t G P 1 . At this point, we may say that the final axiom for the relative 
Bott-Chern secondary characteristic classes is the one to understand the relation 
between 

, PO', 90, T go 

) - ch B c(^o(-^), p' ; g , t 9o ) 

and 

ch BC (^oo,Poo;^oo,r 3oo ) - ch BC (E 00 (-X) : p' 00 ;g 00: Tg tyo ) 

in A(Y). 

(B.2) To facilitate the ensuring discussion, we now find out how chec^t, Pt', gt, T 9t ) G 
A(Y) and ch B c(-E't(-^), Pt', 9t, T 9t ) G A(Y) change with respect to t G A 1 . 

By the construction, for t 7^ 00, we may simply view g t : Z x {t} — > Y x {t} as the 

original g : Z — > Y. In this way, ch.Bc(Et, Pt', gt, T 9t ) G A(Y) may be interpretated as 
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the relative Bott-Chern secondary characteristic classes for the original morphism g 
but with metrics p t on E and r t on T g . Moreover, we may get this type of changing 
metrics in two steps: First, from (po, To) to (po,Tt); then from (po,Tt) to (pt,Tt). 
In this way, by applying Axiom 5 in step 1 and Axiom 4 in step 2, we have the 
following relations: 

ch B c(E , Po;gt,T 9t ) - ch B c(E ,p ;go,Tg ) 
=g* (ch(E; p ) ■ td BC (T g ; r t , r )) - ch B c (g*E; L 2 (p , r t ), L 2 (p , r )) , 

and 

ch B c(^t, pt; </t, t 9 J - ch B c(^o, po; </t, T gt ) 
=9* (ch BC (£; p t , Po) ■ td(T 5 , r t ) ) - ch BC (g*E; L 2 (p t , r t ), L 2 (p , r t )) . 

That is to say, 

ch BC (£t, p t ; (/ t , r flt ) - ch BC (£ , Po; </o, ^ ) 
=g* (ch BC (E; p t , po) ■ td(T g , r t ) + ch(E; p ) • td BC (T 3 ; t u t )) (3 7) 

- ch B c(g*E;L 2 (p t ,Tt),L 2 (p ,T )y 

Similarly, 

ch BC (E t (-X), p' t ;g t , r gt ) - ch BC (E (-X), p' ; g , t 9o ) 
=g* (ch BC (E(-X); p' t , p' ) ■ td(T g , r t ) + ch(E(-X); p' ) • td BC (T g ; r u r )) ( 3 . 8 ) 

- ch BC (g*(E(-X)); L 2 (p' t , T t ),L 2 (p' , r )) . 
Therefore, 

ch BC (£t, pt, gt, r gt ) - ch BC (E t (-X), p' t ; g t , r gt ) 

- (ch BC (E , p ; g ,T go ) - ch B c(E (-X), p' ; g , r go ) ) 

=9* ((ch BC (£; pt, po) - ch BC (E(-X);p' t , p' Q )) ■ td(T g , r t ) 

+ (ch(E; po) - ch(E(-X);p' )) ■ td BC (T g ; r u r )) 

- (ch BC (g*E; L 2 {p u r t ),L 2 (po, r )) - ch BC (g*{E{-X));L 2 {p' t , r t ),L 2 (p' , r ))). 

(3.9) 

So if qw '■ W — > P 1 was smooth, we would then have found that the relation between 

ch BC (^oo,Poo;fi'oo,r goo ) - ch BC {E 00 (-X),p' 00 ;g 00 ,T goo ) 



and 



ch BC (£ , Po; 9o, r go ) - ch BC (E (-X), p' ; g , r go ) 
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can be deduced from Axioms 4 and 5. 



C. Deformation to the normal rule 

(C.l) Unfortunately, as indicated before, qw '■ W — > P 1 is far from being smooth. 
So we cannot simply deduce a relation between the relative Bott-Chern secondary 
characteristic classes for the fibers at and oo directly by only using previous 5 ax- 
ioms for relative Bott-Chern secondary characteristic classes with respect to smooth 
morphisms. Nevertheless, it seems most likely that with a suitable generalization 
of relative Bott-Chern classes, say for proper and flat morphisms, one then can 
understand how the relative Bott-Chern classes change even across oo. All this is 
indeed the motivation for introducing the so-called ternary characteristic classes in 
[We2], which themselves need an additional work to justify. So here, we take an 
alternative approach by sticking on smooth, proper morphisms. 

(C.2) The idea is also quite simple. That is, instead of trying to find out what is 
exactly the difference between 

ch B c(£oo,Poo;#oo,T 5oo ) - da.Bc(E 00 (-X),p' 00 ;g 00 ,Tg 00 ) 

and 

ch BC (E , Po; 9o, r 90 ) - ch BC (E (-X), p' ; g , r go ), 

we view {ch BC (E t , Pu9u r gt ) -ch BC {E t (-X), p' t ;g t , r gt )} teP i as a family on P 1 and 
try to establish the continuity of such a family of forms, or better of classes. 

It looks that we are now in a position to state the final axiom. No, it is not so. 
There is yet another difficulty: It is well-known that for the family W — > Y x P 1 , 
usually the induced L 2 -metrics on the direct images for g t when t — > oo have 
singularities. So we need to take care of such singularities as well. (Recall that by 
Axiom 1 in 2. A. 2 for relative Bott-Chern secondary characteristic classes, 

dd c c\Y BC {EuPuguT gt ) = (g t )*(ch(E t ,p t ) •td(T t ,r 9t )) - di(^g t )*E, L 2 {p u r 5t )) , 

and 

dd c ch BC (E t (-X), p' t ;g t , T gt ) 

= (g t )*(cHE t (-X) lPt ) -td(T t ,r flt )) - ch((^),£?(-X), L 2 (pJ, r flt )).) 

For this purpose, consider the virtual vector bundle (g t )*(E t ) — (g t )*(E t (—X)) on 

Y for t £ P 1 . By the discussion in (B.l), in particular, (3.6), we know that for 

19 



t ^ co, (g t )*{ E t) = (9o)*(Eo), (g t )*(Et(-X)) = (g )*(E (-X)) once we identify 
Y x {0} with Y x {£}, and as virtual vector bundles on Y, 



So in particular, there exists a natural number r such that, locally over Y, as 
holomorphic vector bundles, we have the local isomorphism 



Of © G7oo)*(£oo) © (<7t)*(£*(-*)) = Of © (^).(^) © (^oo)*(^oo(-^))- 



Hence, by the fact that Chern form depends only on the C°°-structure of a vector 
bundle, we may choose hermitian metrics 7^ and Y t on (gi)*E and (g t )*(E t (— X)) 
respectively for all t 6 P 1 such that 



ch(£ t ,7t) -ch(E t (-X), 7t ') = chCE^oo) -ch(E 00 (-X),7^). (3.10) 



With this, via F x {0} = Fx {00}, we have the classical Bott-Chern secondary char- 
acteristic classes ch BC ((g t )*(E t ; L 2 (p t , r t ), 7*) and ch BC ((gt)*(E t (-X)); L 2 (p' t , r t ), 7t '). 
Now we may consider the family 



+ (ch B c((^)*(^);^ 2 (p t ,rt),7t)-chBc((^)*(^(-^));^ 2 (^,rt),7;))}tePi- 



As a matter of fact, the final axiom for the relative Bott-Chern secondary charac- 
teristic classes requires that this family is continuous. 



+ (ch BC ((^)*(i? t );^ 2 (p t ,r t ),7t)-chB C ((^)*(^(-^));^ 2 (P^ t ),7t / ))) 
= (ch B c(^oo,Poo;fi'oo,'r goo ) - ch.Bc(E 00 (-X),p' 00 ;g 00 ,Tg ao )) + 

(ch BC ((^oo)*(^oo); ^ 2 (Poo, Too), 7oo) - ch BC ((^oo)*(^oo(-^)); ^(p'oo, Too) ? 7^))- 

(C.4) All this then gives us the six key axioms for the relative Bott-Chern secondary 
characteristic classes. The reader may see that Axioms 2 and 3 (resp. Axioms 4 
and 5) may be grouped together naturally. So there are essentially four groups of 
axioms. The first group, the downstairs rule, relates the secondary theory with its 
origin; the second group tells us how to deal with the changes from the base; the 
third group tells us how to deal with the changes from the total space; while the 
last tells us how to relate the theory for different relative dimensions naturally. 



G7oo)*(£oo) - (<7oo)*(£°o(-*)) = (gt)*(E t ) - (gME t (-X)). 



{[ch BC (E u p t ;g t ,T gt ) - ch BC (E t (-X),p' t ;g U T gt ) 



(C.3) Axiom 6. (Deformation to the normal cone rule) In A(Y), 
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4. Uniqueness of Relative Bott-Chern Secondary Characteristic Classes 

A) Weak Uniqueness Theorem 

B) Strong Uniqueness Theorem 

In this chapter, we will state the uniqueness theorem for relative Bott-Chern sec- 
ondary characteristic classes. There are two versions of it. Roughly speaking, the 
first uniqueness theorem claims that after modulo (i-closed forms, the classes of the 
relative Bott-Chern secondary characteristic classes are unique, while the second 
uniqueness theorem claims that after modulo exact forms, the relative Bott-Chern 
secondary characteristic classes are essentially unique, i.e., the difference of any two 
possible relative Bott-Chern secondary characteristic classes can be understood pre- 
cisely. 

A. Weak Uniqueness Theorem 

(A.l) We have already stated the axioms for relative Bott-Chern secondary char- 
acteristic classes associated to smooth, proper metrized morphisms and relative 
acyclic hermitian vector bundles in Chapter 2. Now we state the first uniqueness 
result for them. Recall that (/ : X — > Y ; E, p; Tf, 77) is called a properly metrized 
datum if / : X — > Y is a smooth morphism of compact Kahler manifolds, (E, p) is 
an /-acyclic hermitian vector bundle, and 77 is a hermitian metric on the relative 
tangent bundle Tf of / such that the induced metrics on all fibers of / are Kahler. 

(A. 2) Theorem. (The Weak Uniqueness for Relative Bott-Chern Sec- 
ondary Characteristic Classes) Suppose that there are two constructions c/ibc 
and ch BC which satisfy six axioms for relative Bott-Chern secondary characteristic 
classes, then, for all properly metrized data (/ : X — > Y; E, p;Tf,Tf), the im- 
ages of chBc(E, p; f,Tf) and ch' BC (E, p; /, r/) in A(Y) := A(Y) / (exact forms + d — 
closed forms) are the same. 

B. Strong Uniqueness Theorem 

(B.l) To state the second uniqueness theorem, we need a preparation. 

Let B be a subring of R, and let P(x) G be any symmetric power series. 

Then for any vector bundle E on Y, by the splitting principle for vector bundles, 
there exists a unique additive characteristic class P(E) G H*(X,M), the de Rham 
co ho mo logy of X. 

Now assume that there exists a construction ch B c such that it satisfies the 

six axioms for relative Bott-Chern secondary characteristic classes. Then, for 
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any properly metrized datum (/ : X — > Y; E, p;Tf,Tf), we have an element 

ch BC (£,p; f,r f )eA(Y). 



With such an existence, then we claim that chec^, P\ f, Tf) +/* \ch(E) -td(T/) • 

P(Tffj G A(Y) for any fixed additive characteristic class P as above also satis- 
fies the listed six axioms for relative Bott-Chern secondary characteristic classes. 
Indeed, easily, by the fact that f*(ch(E) ■ td(T f ) ■ P(I») is in H*(Y,R), we see 

that ch BC (P, p; f, T f ) + /* (ch(E) ■ td(T f ) ■ P(T/)) G A(Y) satisfies the first five ax- 
ioms. Moreover note that the deformation to the normal cone does not change the 
cohomology classes, which is the key property used in the proof of Grothendieck- 
Riemann-Roch theorem in algebraic geometry, we equally can check the axiom 6 for 
ch BC (P, p; f, T f ) + /* (ch(£) • td(T/) • P(T/)) . (See e.g., Lemma 5.B.7.4 below.) In 
this sense, we may say that there is no uniqueness for relative Bott-Chern secondary 
characteristic classes. 

Even the latest statement is absolutely correct, we still can understand pre- 
cisely the structure of relative Bott-Chern secondary characteristic classes. Roughly 
speaking, we may say that the twisting by an additive characteristic class stated 
above is the only flaw for establishing the uniqueness for relative Bott-Chern sec- 
ondary characteristic classes. 

(B.2) Theorem. (The Srong Uniqueness for Relative Bott-Chern Sec- 
ondary Characteristic Classes) Suppose that there are two constructions chsc 
and ch' BC which satisfy six axioms for relative Bott-Chern secondary characteris- 
tic classes, then, there exists an additive characteristic class R such that, for all 
properly metrized data (/ : X — > Y; E, p; Tf, Tf), in A(Y), 

c/i BC (P, p- /, Tf ) = ch BC (E, p- /, Tf) + U (ch(E) ■ td(T f ) ■ R(T f j) . 



Remark 4-1- The weak uniqueness theorem says that the relative Bott-Chern classes 
are unique modulo enclosed forms, while the strong uniqueness theorem says that 
the relative Bott-Chern classes are unique up to a certain well-structured topological 
term. 

Obviously, the weak uniqueness is a direct consequence of the strong uniqueness, 
so it is sufficient to prove the later one. We will do it in the following two chapters. 
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5. Some intermediate results 

A) Statements of intermediate results 

B) The proofs 

In this chapter, we prove some intermediate results for relative Bott-Chern sec- 
ondary characteristic classes, which will be used in the proof of the uniqueness 
theorems. So in Chapter 5 and Chapter 6, we will assume that there is a con- 
struction cIibc which satisfies all six axioms for the relative Bott-Chern secondary 
characteristic classes. 

A. Statements of intermediate results 

(A.l) Suppose that for any properly metrized datum (/ : X — > Y ; E, p; Tf, Tf), there 
exist elements chec^, P\ f, Tf) £ A(Y) and ch' BC (E, p; f, Tf) G A(Y) which satisfy 
the six axioms stated in Chapters 2 and 3. Let P be an additive characteristic class 
and set 

Err(£, p; f, Tf, P) := ch BC (E, p\ f, r f )-ch' BC (E, p; /, Tf )+f. (ch(i?)-td(T / )-P(T / )) . 

We want to show that there exists a unique universal additive characteristic class 
R such that Err(£', p; f, 77; R) = for all properly metrized data (E, p; /, Tf). For 
this purpose, let us state some intermediate results. 

First we study how Err depends on hermitian metrics on vector bundles. 

Proposition. Let f : X — > Y be a smooth, proper morphism of smooth complex 
Kdhler manifolds. Fix a hermitian metric Tf on the relative tangent vector bundle 
Tf of f such that the induced metrics on all fibers of f are Kdhler. Then for any 
short exact sequence of f -acyclic hermitian vector bundles 

E. : — >■ Ei — > E2 — ► -E3 — ► 0, 

with hermitian metrics pi on Ei for i = 1,2, 3, 

Err{E x , Pl ; f, Pf, P) + Err(E 3 , p 3 ; f, pf, P) = Err(E 2 , p 2 - f, p f ; P). 

In particular, Err[E , p; f ', p f, P) does not depend on the choice of the metric p. 
Furthermore, Err(E, p; f, pf, P) lies in the classes of dd c - closed forms. 

(A. 2) Now we study how Err depends on hermitian metrics on manifolds. 

Proposition. Let f : X — > Y and g : Y — > Z be two smooth, proper morphisms 

of compact Kdhler manifolds which admit hermitian metrics Tf, T g and T go f on the 
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relative tangent vector bundles of f , g and go f respectively, such that the induced 
metrics on all fibers are Kahler. Let (E, p) be an f- and g o f -acyclic hermitian 
vector bundle on X such that f*E is g -acyclic as well. Then 

Err(E, p-gof, r gof - P) = Err(f*E, f*p; g, r g - P) +g*(Err(E, p- /, r/; P) ■ td(T g , r g )). 

In particular, Err(E, p; /, Tf, P) does not depend on the metric Tf. 

Remark 5.1. Because of these two propositions, we from now on in this section 
denote Err (£7, p; f, Tf P) simply by Err(.E; /; P). 

(A. 3) We may go slight further. Indeed, we have the following 

Proposition. Let f : X — > Y be a smooth, proper morphism of compact Kahler 
manifolds. There is a natural morphism 

Err(-,f,P):K(X)^H*(Y,R), 

such that Err(E; /, P) = Err(E; /; P) for all f -acyclic vector bundles E on X . 
Remark 5.2. Because of this prosition, we may equally write Err(-; /, P) as Err(-; /; P). 
(A. 4) We have a functorial property as well. 

Proposition. Let f : X — > Y be a smooth, proper morphism of compact Kahler 
manifolds. Then, for the Cartesian diagram 

Y'x Y X % X 
fgi if 

induced from a base change g : Y' — > Y of compact Kahler manifolds, 

g*Err(E;f;P) = Err(g}E;f g ;P). 

(A. 5) We now give a projection formula for Err. 

Proposition. Let f : X — > Y be a smooth, proper morphism of compact Kahler 
manifolds. Let E and F be vector bundles on X and Y respectively. Then 

Err(E ® f*F; /; P) = Err(E; /; P) ■ ch(F). 

(A. 6) We now study what happens when / is a P^bundle on Y. 
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Proposition. There is a unique characteristic class R for vector bundles of rank 
< 2 such that for any F 1 -bundle f : X = Py(P) -> Y, Prr(-; /; P) = 0. 

(A. 7) Finally, we consider Err for closed immersions. For doing so, we introduce 
a new Err term: Let % : X <— > Z be a closed immersion with the smooth structure 
morphisms / : X — > F and (7 : Z — > F of compact Kahler manifolds, set 

Err(P; i; P) := Err(P; /; P) - Err(z*P; P). 

By Proposition A. 3, this definition makes sense, even though i*E is usually a co- 
herent sheaf only. 

Proposition. Let i : X <— * Z be a codimension-one regular closed immersion of 
compact Kahler manifolds over a compact Kahler manifold Y with smooth structure 
morphisms f : X — > Y and g : Z — > Y. Then for any vector bundle E on X , 

Err(E- i; P) = 0, 

for any additive characteristic class P , which, for rank two vector bundles, coincides 
with R in Proposition A. 6. 

B. The Proofs 

(B.l) Proof of Proposition (A.l). In fact, in A(Y), 

Err(P 2 , p 2 ; /, r,; P) - (Evv(E u p i; /, r,; P) + Err(P 3 , p 3 ; /, r,; P)) 
=ch BC (P 2 , p 2 ; /, r/) - ch BC (P 2 , p 2 ; /, r/ ) + /* (ch(P 2 ) ■ td(T f ) ■ P(T f )) 
- (ch BC (Pi, pi; /, r/) - ch' BC (E u p i; /, T/ ) + /* (ch(P0 • td(2» • P(7») 

+ ch BC (P 3 , p 3 ; /, T f ) - ch BC (P 3 , Ps; /, T f ) + /* (ch(P 3 ) • td(T / ) • P(2»)) 
(by definition) 

=ch BC (P 2 , P2; /, r/) - (ch BC (Pi, pi; /, r/) + ch BC (P 3 , p 3 ; /, t/)) 

- (ch BC (P 2 , p 2 ; /, r/) - (ch BC (Pi, p t ; /, r/) + ch BC (P 3 , p 3 ; / 
+ /* ((ch(P 2 ) - ch(Pi) - ch(P 3 )) • td(2» • P(2») 

=/* (ch BC (P., p.) • td(7>, r/)) - ch BC (/,(P.), L 2 (p.; r,)) 

- (/*(ch BC (S.,p.)-td(T / ,T / )) -chBcU^P.), L 2 (p.;r 

+ /* (V td(T/) • P(T/)) (by Axiom 4 in 2.D.2) 
=0. 
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This is simply the first statement of the proposition. With this, by taking E 3 to be 
zero, we get the second statement. Finally, 



dd c Err(E,p; f,r f ;P) 
=eM c (ch BC (£, p; /, r f ) - ch BC (£, p- /, r f ) + /*(ch(£ 2 ) ■ td(T f ) ■ P(2»)) 
(by definition) 

=cM c (ch BC (£, p; /, r/)) - cM c (ch BC (£, p; /, r/)) + cM c (/* (ch(£? 2 ) • td(2» • P(2»)) 
=/* (ch(£, p) ■ td(T f , r f )) - ck(f.E, L\p- Tf)) 

- (f*(ch(E,p)-td(T f ,Tf))-ch(f*E,L 2 (p;Tf))) +0 (by Axiom 1 in 2.A.2) 
=0. 



This completes the proof of Proposition A.l. 

(B.2) Proof of Proposition A. 2. Setting g = Idy, the identity map of Y, we find 
that the second statement of this proposition is a consequence of the first one. 

Now we prove the first statement. 



Err(£, p;go f,T gof ;P) 

- (Err(/*£, /*p; g, r 3 ; P) + <7*(Err(£, p; /, r /; P)td(T ff , r ff ))) 
=ch BC (£,p;#o /,t 5 o/) - ch BC (£, p;go f,T gof ) 
+ (gof)*(ch(E).td(T go f)-P(T go f)) 

- (ch BC (f*E, £ 2 (p, r/); r ff ) - ch' BC (/,,£, L 2 (p, 17); r ff ) 

+ /,(ch(/,£;)-td(T 5 ).p(r 5 ))) 

- g*((ch BC (E, p; f, r/) - ch BC (£, p; /, r/) 

+ /* (ch(£) • td(7» • P(2»)) • td(T 3 , r ff )) (by definition) 
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= (ch BC (£,p;#° f,T g0 f) - ch BC (f*E,L 2 (p,T f );g,T g ) 

- g* (ch BC (E, p; f, T f ) ■ td(T g , r g )J 

~ (ch' BC (E lP ;go f,r gof ) - ch BC (/*£, L 2 (p, r f ); g, r g ) 

-<7*(ch BC (£,p; /,r/).td(T 9 ,r 9 )) 
+ ((<7 o /)* (ch(E) ■ td(T gof ) ■ P{T gof )) - g. (ch(/*£) • td(T g ) ■ P{T g )) 

- g. (/* (ch(E) ■ td(T f ) ■ P(2») ■ td(T g , Tg j) 
= (gof)*(ch(E,p).td B c(T.,T.)) 

- ch BC [{g o /)*£; L 2 (p, T gof ), L 2 (L 2 (p, r f ), r 9 )) 
- ((W)*(ch(P,p)-td B c(T.,r.)) 

- ch B c ((# ° f)*E; L 2 (p, T go f), L 2 (L 2 {p, r f ), r 9 ))) 

+ ((g o /), (ch(£) • td(T 50/ ) • P(T gof j) - g. (ch(/,S) • td(T 5 ) • P(T fl )) 

- 0, (/* (ch(P) • td(T f ) ■ P(I») ■ td(T a , r fl )) 
(by Axiom 4 in 2.D.2) 

=0 + 0/ o /)„ (ch(E) ■ td(T gof ) ■ P{T gof )) - g* (ch(/*£) • td(T fl ) • P(T fl )) 

- ^ (/* (ch(E) ■ td(Z» ■ P(2») ■ td(T g )) . 

From here it is sufficient to prove the following; 
Lemma. With the same notation as above, 

(gof)^eh(E).td(T gof ).P(T gof )) 

=g* (ch{UE) ■ td(T g ) ■ P{T g )) + g* (/* (ch{E) ■ td(T f ) ■ P(7») ■ td{T g )) . 

Proof. By definition, P is additive and td is multiplicative. Hence applying them 
to the exact sequence of relative tangent bundles 

-> Z> -> T fl0/ -> /*T fl -> 0, 

we have P(T gof ) = P(T f ) + f*P(T g ), td(T gof ) = td(T f ) ■ f*td(T g ). Here we use 
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the fact that as characteristic classes, P and td have the functorial property. Hence 

G/o/).(ch(s).td(T ff o/)-P(r ff o/)) 

=(g o /)* (ch(E) • td(2» • ftd(T g ) • (P(Z» + fP(T g ))) 
=(g o /)* (ch(E) ■ td(T f ) ■ f*td(T g ) ■ P(T f j) 

+ (g o /), (ch(£) ■ td(2» • /* td(T g ) • /* (^(Tp))) 
=<7* (/* (ch(£) • td(2» • P(T f ) ■ /*td(T 5 )) ) 

+ ^(/*(ch(S) .td(T/) -r(td(T 5 ) -P(T 5 )))) 

=<7* (/* (ch(£) ■ td(T f ) ■ P(T f j) ■ td(T fl )) 

+ ^ (/, (ch(E) ■ td(T ; )) ■ td(T 3 ) ■ P(T g j) 
(by the projection formula) 
=<7* (/, (ch(E) • td(T/) • P(T/)) • td(T 3 )) + <7* (ch(/*(E)) • td(T 5 ) • P(T ff )) 

(by the Grothendieck-Riemann-Roch Theorem in Algebraic Geometry). 

This completes the proof of the lemma ane hence Proposition A. 2. 

(B.3) Proof of Proposition A. 3. The first point we need to address is that by 
Proposition A.l, Err is only <i<i c -closed, but in this proposition, we instead choose 
the de Rham cohomology groups as the range. This may be solved as follows. 

For a compact Kahler manifold Y, denote the space of <i<i c -closed forms by 
A* ddc (Y) and set H ddc (Y,R) to be the quotient space of A ddc (Y) modulo the <9— 
and <9-forms. It is well-known that for a compact Kahler manifold, a form lo is 
(i-closed and is either d—, or <9— , or <9-exact if and only if there exists a form 7 
such that dd c "f = ui. (See e.g. 7. A.l later.) Hence if u is <i<i c -closed, then we may 
choose 7 to be + da + d(3 with </> harmonic. Therefore, we see that H d(JC (Y, R) is 
isomorphic to the cohomology of Y. 

The second point here is that we should construct a map Err from the Grothen- 
dieck K-group of coherent sheaves of X to H dd c(Y, R) which coincides with the 
previous Err for /-acyclic vector bundles. But this is rather formal. 

(i) For complex Kahler manifolds, the Grothendieck K group is isomorphic to the 
K group generated by vector bundles. So we will write both of these K-groups as 
K(X); 

(ii) for X, a compact Kahler manifold, smooth and proper over Y, K(X) is gen- 
erated by /-acyclic vector bundles. Indeed, for any coherent sheaf F on X, there 
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exists an vector bundle resolution 0—>F—>£ , —> £'2— E m — > such that 
all Ei's are /-acyclic; 

(hi) any two /-acyclic vector bundle resolutions of a fixed coherent sheaf in (ii) are 
dominanted by a common third one. 

Now, we are ready to define a morphism Err(-;/, P) : K(X) — > H*(Y,M) as 
follows: For any coherent sheaf F, let — > F — > Po - ► Pi — > • • • - ► ^ m -> be a 
resolution of P by /-acyclic vecor bundles. Set 

m 

Err(P; /; P) := ^(-l) J Err(P,; /; P). 

i=0 

Err is well-defined, i.e., it does not depend on the /-acyclic resolutions of vector 
bundles we choose. Indeed, if F is a vector bundle, then by Proposition A. 2 and 
(ii) and (iii), we see Err is well-defined. All this, together with (i), implies that the 
same is true for coherent sheaves, which then completes the proof of Proposition 
A.3. 

(B.4) Proof of Proposition A. 4. It is clear that we only need to show this for 
/-acyclic vector bundles. But then 

Err(P, p- /, r /; P) = ch BC (E, p; /, r f ) -ch^ c (P, p- /, Tf ) +/* (ch(P) -td(T f ) .p(T/)) . 

Now, by Axiom 3 for relative Bott-Chern secondary characteristic classes in 2.C.2, 
we see that chec^, P\ f 1 Tf) and chg C (P, p; /, Tf) are compactible with base change. 
Obviously, so does the term /* (^ch(P)-td(T / )-P(T / )). This then proves Proposition 
A.4. 

Remark 5.3. In the past, the functorial rule for relative Bott-Chern secondary 
characteristic classes are systematically denied by a group of very ill-motivated 
mathematicians, who simply claim that the functorial rule I used is completely 
wrong. Unfortunately, they stand on the wrong side. Later we will give more 
consequences for the functorial rule to indicate its absolute importance. 

(B.5) Proof of Proposition A. 5. Obviously we only need to show it for /-acyclic 
vector bundles E on X. Choose hermitian metrics pe and pp on E and F respec- 
tively, and a hermitian metric Tf on Tf such that all the induced metrics on the 
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fibers of / are Kahler. Then, by Propostion A.l, 



Err(E®f*F;f;P) 
=Err(E®f*F;p®tF;f,T f ;P) 

=ch BC (E ® f*F; p ® f*F; f, r f ) - ch' BC (E ® f*F; p ® f*F; /, r f ) 
+ /* (ch(E <g> f*F) • td(7» • P(7») (by definition) 

= (ch BC (£; p] f, r f ) - ch' BC (E; p; /, r/)) • ch(F, p F ) 

+ /* (ch(£) • /*ch(F) • td(T/) • P(T/)) (by Axiom 2 in 2.B.2) 

=Err(£; /; 0) • ch(F, p F ) + /, (ch(P) • td(T ; ) • P(T ; )) • ch(F) 

(by definition and the projection formula) 
=Err(P;/;P)-ch(F). 

This completes the proof of the proposition. 

(B.6) Proof of Proposition A. 6. In the proof of this proposition, all axioms but the 
last one, i.e., the rule of the deformation to the normal cone, will be used. 

First, it is well-known that, as a -KT(y)-module, K(X) is generated by line bun- 
dles Ox and Ox(— 1)- Obviously, Ox, and Ox(— 1) are both /-acyclic. So by 
Propositions A. 3 and A. 5, it is sufficient to show that there exists a unique additive 
characteristic class R such that 

Err(O x ; /; R) = 0, and Err(O x (-l); /; R) = 0. 

We prove this by a direct calculation and Proposition A. 4, i.e., the functorial rule. 

For the time being, we will assume that F is generated by global sections. Such a 
condition can be automatically granted if we tensor F by a very ample line bundle 
on Y . Moreover, it is well-known that such a change will not change the structure 
/, nor the sheaves O and O(-l). 

However, with this latest condition, then, we may find a certain natural clas- 
sifying map : Y — > (2(2,2 + n), where G(2, 2 + n) denotes the Grassmannian 
of dimension two subspaces in a complex (2 + n)-dimensional space. Moreover, F 
can be reconstructed as the pull-back of the canonical rank two subbundle S n of 
the rank (2 + n) trivial bundle on G(2,2 + n). By the functorial rule, or better, 
Proposition A. 4, we can then without loss of generality work on the canonical P 1 
bundle p n : F(S n ) -> G(2, 2 + n). 

30 



Note that in a natural way, {p n } n >o forms an inverse limit system: We indeed 
has the Cartesian product 

HS n ) ^ nSn+m) 

Pn i i Pn+m 

G(2,2 + n) ^ G(2,2 + (n + m)) 

such that i* C?p(,g m )(fc) = Op(g n -)(k). Hence, by the functorial rule, i.e., Propo- 
sition A. 5, we see that Err for each p n for Ow(s n ) or ^P(S„)( — 1) forms an inverse 
limit system in {H*(G(2, 2 + n), R)} n >o- 

But it is well-known that 

H*(G(2, 2 + n), R) = R[ Cl (5„), c 2 (S n ), a(Q n ), . . . , c n (Q n )]/(c(S n ) • c(Q n ) = 1) 

where Q n is the canonical quotient bundle on G(2, 2 + n) which may be defined via 
the canonical exact sequence 

-> S n -> G(2, 2 + n) x C 2+n -> Q n -> 0, 

c(£ n ) = l + ci(iS n ) +c 2 (5' n ) and c(Q n ) = 1 + ci(Q n ) + c 2 (Q n ) H hc n (Q n ). (See 

e.g., [BT, §23].) Note that the relation above says that Cj(Q n ) can be written as a 
polynomial of c\(S n ) and C2(<S , n ) for j = 1, . . . , n. More precisely, for k = 2, . . . , n, 
we have the recurrence formula Cfc(<5n) = —ci(Sn)' c k-i(Qn)— c 2(£>n)' c k-2(Qn) with 
co(Qn) = 1) ci(Q n ) = — ci(5' n ). Hence, in particular, lim«_ H*(G, R) = M[[ci,c 2 ]]. 
So, Err for (9 and O(-l) can be written as some universal classes in a ring of 
power series of c\ and c 2 . Set Err(0;ir; P) := Pi(ci,C2) and Err{0{— 1); 7r; P) := 
-fMci, C2) be the two power series. 

Moreover, it is clear that if we change S n by tensoring an ample line bundle L 
on S n , O, it and P will not be changed. But c\ and c 2 are changed to c\ + 2c±(L) 
and C2 + ci(L)(ci + ci(L)) respectively. This implies that 

c 2 (^n) - \c\{S n ) = c 2 (S n <g> L) - ^c?(S n <g> L) 

remains the same. From this, we see that -Pi(ci,c 2 ) is acturally a power series in 
c 2 — \c\, which we denote by P\ as well by an abuse of notation. 

On the other hand, we have the exact sequence 

-> Ox -> P*S V ® Ox(l) -> T p -> 0. 

31 



Hence, T p ~ p*(detS) v <g> O x (2). So 0(-l) <g> ±p*(detS) = ±T p v . But if we 
tensor S by a line bundle, T p , associated to p which remains the same, will not 
be changed. Thus, by Proposition A. 5, we see that if we multiply the Err by 
exp(^ci), which takes care of the part of ^p*(detS) in \T p = 0(—l) ® \p*{6etS), 
-p2(ci, c 2 ) = Err((9(— l);p; R) becomes a power series in c 2 — \c\ as well, which we 
still denote by P 2 by an abuse of notation. 

With all this, now we are ready to determine Err precisely. For this purpose, 
first, let A = ci(C(l)) - §p*ci(£). Then, we have 

ci(T p , t p ) = 2A, and A 2 = Cl (0(l)) 2 - Cl (0(l))-p* Cl (5) = p* (-c 2 (F) + ^ Cl (S) 2 ). 

Therefore, by the fact that the direct image of the structure sheaf is the structure 
sheaf on the base, p*A = 1, 

p*A 2m = 0, and p*(A 2m+1 ) = (- C2 (F) + l Cl (F) 2 )>,A = {-c 2 {F) + ^ Cl {F) 2 ) m 

(5.1) 

for all positive integer m. 

Now, we want to see how Err depends on P. Obviously, if we change P by adding 
P' , then the corresponding Err for Ox changes by 

2 A 

and similarly, for Ox{— 1), (up to the factor exp(^ci) as discussed above,) the error 
changes by 



In particular, for 0{— 1), the factor before P' is an even function in A, and hence 
is a series in even powers. So, by (5.1), we may choose a unique odd power series 
i? odd , such that for any even power series P' , 

Err(0 x (-l);p; R odd + P') = Err(O x (-l);p; R odd ) = 0. 

Similarly, as for O, once the odd part of P is fixed, by (5.1) again, there is one 
and only one even power series R even such that 

Err(O x ;p]R odd + R even ) =0, 

as now only the odd terms of 1 _ 2 £ A : 2A (R odd (2A) + P'(2A)) matters. 
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Therefore, finally, we see that there exists a unique power series R — R even +R odd 
such that Err(-;p; R) = for all P 1 -bundles. This completes the proof of Proposition 
A.6. 

(B.7) Proof of Proposition A. 7. We divide the proof of this proposition into two 
steps; 

(i) Consider the special situation where codimension-one closed immersions are 
sections of P 1 -bundles. In this case, we have the following 

Lemma 1. Let f : X — > Y be a smooth, proper morphism of compact Kdhler 
manifolds, and it : P x — > X be a ¥ 1 -bundle over X . Assume that i : X -> P^ is 
a section, so that it o % = Idx- Then for the closed immersion i over Y, and any 
vector bundle E on X , we have 

Err(E- i; P) = 0. 

(ii) Deduce a general codimension-one closed immersion to a section of a P 1 -bundle 
by the deformation to the normal cone technique. More precise, we have the fol- 
lowing 

Lemma 2. With the same notation as in 3.A.1, i.e., suppose we have the diagram 

Pi- 3 X Z 

9oo\ /oo I fo / 90 
Y, 

then for any vector bundle E on Z, we have 

Err[[i )S*E)- : gQ- : P) = Err^i^^E); 9oo ; p). 

Before proving these two lemmas, let us show how Proposition A. 7 follows from 
them. 

First of all, by Lemma 2, we see that for all coherent sheaves F on Z : 

Err((z )*rP; g ; P) = Err((z 00 )^*P; 9oo - P). 

Obviously, all coherent sheaves on X can be realized as the pull-back of coherent 
sheaves from Z, so, for all coherent sheaves F' on X, 

Err((z )*P'; g ; P) = Err^^P'; 9oo ; P). 
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This then certainly implies that for all vector bundles E' on X, 



ErT((i )*E';g ;P) = ETT((i oo )*E , ;g oo ;P). (5.2) 

On the other hand, by definition, fo = /qq, we have 

Err(P'; / ; P) = Err(P'; /«,; P). (5.3) 

Thererfore, 

Err(P';z ;P) 

=Err(P'; / ; P) - Err((z )*P'; £ ; P) (by definition) 
=Err(P'; /«,; P) - Err((z )*P'; g ; P) (by (5.3)) 
=Err(P'; /«>; P) - Err^)^'; y^; P) (by (5.2)) 
=Err(P'; Zoo; P) (by definition) 
=0 (by Lemma 1). 

This then is exactly what we want to show in Proposition A. 7. 

Now we go back to show Lemma 1 and Lemma 2. 

(i) Proof of Lemma 1. Here that i is a section of a P 1 -bundle over X plays a very 
important rule. Indeed, if g denotes the natural composition X ^ Y , then 

by definition, 

Err(P;z;P) 
=Err(P;/;P)-Err(z*P;<7;P) 
=Err(P; /; P) - Err(z*P; / o tt; P) 

=Err(P; /; P) - (Err(yr* o z,P; /; P) + /„ (Err(z*P; tt; P) • td(2»)) 

(by Proposition A. 2) 
=Err(P; /; P) - (Err((Id x )*P; /; P) + /* (Err(z*P; tt; R) • td(T/))) 

(as 7r o i = idx and by our assumption on P) 
= -/*(Err^P;7r;P)-td(T / )) 
= - /„ (0 • td(T/)) (by Proposition A.6) 
=0. 

Remark 5.4- Note that in this proof, we only use the fact that i is a section of a P 1 - 

bundle and for P 1 -bundles, Err is simply zero. Thus if i is a section of a P n -bundle 
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and, for all P n -bundles, Err is zero as well, we may have a similar discussion. We 
will use this remark in the next chapter. 

(ii) Proof of Lemma 2. This is where we should use the deformation to the normal 
cone rule. So we recall the following commutative diagram. 

X x {t} ^ IxP 1 X x {00} 

I h \ I i / ioo I 

I F I 

(t^oo) Zx{t} Bxxh^xP 1 <- + \ 9oo 

I ^ I 

/* \ T I / /oo 

I ft/ ^XP 1 \ I 

I 

I I 

y x {t} y x p 1 y x {00} 

By pulling back E from Z onto = B Xx {oo}Z x P 1 via the composition of natural 
maps W A Z x P 1 — > Z, we obtain a vector bundle on W, denoted by .E 1 as well by 
an abuse of notation. Twisted by B X Z, we then get the exact sequence of coherent 
sheaves on W; 

-> £(B X Z -IxP 1 )^ E(B X Z) -> /*/* (£(B X Z)) -> 0. (5.4) 

Note that here in particular E(B X Z — X x P 1 ) and E(B X Z) are vector bundles on 
W. Easily, we have 

IJ*(E(B X Z)) =(i t )*(i*E), ift^oo; 

V / Xx{t} 

/*/* (£?(S x ^))| p =(ioo)*(i*^), 

and 

E{B X Z-Xx¥ 1 ) = n*(E(-XxW 1 )®0 Z y.vi(Zy.{oo})) = Tr*(p* z (E(-X))^p* ,(0^(00 

Here pz and p P i denote the projection of Z x P 1 to Z and P 1 respectively. 

On the other hand, by the fact that W — > P 1 is flat, the restrictions of (5.4) to 
Z x {t} and P U B X Z are again exact. In particular, with the same notation as in 
3. A. 2, we have the short exact sequences 

-> E t {-X) -> £ t -> {i t )J*E t ^ on Zx{t}; 
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0^ Eni-X)^ E^^ (ioo)*C^oo -> on P; 



and 



-> PL -> El -> -> on s x z. 



Thus, by Proposition A. 3, it is sufficient to show that 



Evv(e(B x Z-X x P 1 ) ;0 O ;P) -Err(p(P x Z) ;<7o;P) 

V Zx{0} / V ZxlOl / 



Zx{0} 



=Err (e(B x Z -IxF 1 ) | ; ^ p) - Err (e{B x Z) | ; ^ p) , 
or better, to show that 

Err(p(-X);<7o;^) -Err(P;<7o;^) = Err(p oo (-X); ^5 p) - Err^; ^ p) . 



Here P^ denotes E(B X Z) 



. From here, by Proposition A. 3 again, without loss of 



generality, we may assume that E t and E t (—X) are all ^-acyclic. 
Lemma 3. With the same notation as above, for all t 7^ 00, 

Err(E(-X); g ; p) - Prr(p ; g - p) = Err(E t {-X)-g t -p) - Errfa g t ; p). 



Proof. We first show that 

Err(P;<7 ;P) =Err(p t ;^;P). (5.5) 
Choose a metric p on E as a vector bundle on Z . By Proposition A.l, 
■(E;g ;P) 



Err I 



=ch BC (Po,p; go,T go ) -ch^ c (P ,p;i/o,T 3o ) + (# )*(ch(P ) -td(T 50 ) -P(T 5o )), 



and 



Err(p t ;^;P) 

=ch B c(Pt,Pt;^,r 5t ) -ch BC (P t ,p t ;^,r 3t ) + (# t )*(ch(P t ) • td(T 9t ) • P(T gt ) 



Note that in the construction of the deformation to the normal cone, the base 
curve is a rational curve P 1 . As a direct consequence, the de Rham cohomology 
classes will not be changed for this deformation family. This then shows that in 
H*(Y,R), for all t ^ 00, 

(gt)* (ch(E t ) -td(T gt ) -P{T gt )) = (<7o)*(ch(P ) -td(T fl0 ) -P(T fl0 )). (5.6) 
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Note that E — E t and T go ~ T gt , so by changing from to t, we may understand 
that we are working on the same fibration g : Z — > Y for the same ^-acyclic vector 
bundle E. Hence, from (Eq, po; go. To) to (E t , pt', gt, Tt), the only changes come from 
the metrics: for E, the metric p is changed to pt while for T g , the metric t 90 is 
changed to r gt . Thus by Axiom 4 and Axiom 5 for relative Bott-Chern secondary 
characteristic classes in 2.D.2 and 2.E.3 respectively, we see that the change of 
relative Bott-Chern classes from to t for chec is the same as the change of relative 
Bott-Chern classes from to t for chg C , as described in 3.B.2. More precisely, by 



(3.3.7), 



ch B c(£o, ) - ch BC (E t ,p t ;g t ,T gt ) 



- gJch BC (E; p t , po) •td(T 9 ,r t ) +ch(E;p Q ) ■ td B c(^ g ; r t , r ) 




This, together with (5.6), then certainly gives (5.5). Similarly, we have 




(5.7) 



So finally, by (5.5) and (5.7), we complete the proof of Lemma 3. 



Now we are finally ready to complete the proof of Proposition A. 7. 
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For t 7^ oo in the projective line P 1 , we have 
(Ett(E (-X); g ; P) - Err(P ; g ; P)) 

- (Err(£; oo (-X); 9oo ; P) - Err^; 9oo ; P)) 
= (Err(P t (-X); ^; P) - Err(P t ; ^; P)) 

- (EniEni-X); 9oo ; P) - Err^; 9oo ; P)) 
(by Lemma 3) 

= (ch BC (E t (-X),p' t ; 9t , Tgt ) - ch' BC (E t (-X),p' t ; 9t , r gt ) 

+ ( 9t )*{ch(E t (-X)).td(T gt ).P(T gt ))) 

- (ch BC (E u p t ; 9t ,T gt ) -cti BC (E t ,p t ; 9t ,T gt ) 

+ ( 9t )*{ch(E t ).td(T gt ).P(T gt ))) 

- ^ch B c(Poo(-^),p / 00 ;^oo,r goo ) -chB C (Poo(-^),p / 00 ;^oo,r g30 ) 

+ (^ 7oo ),(ch(P 00 (-X)) • td(T g J ■ P(T g J)) 
+ (ch BC (P 

005 Poo] <7oo? T 9oo) _ chB C (Poo, Poo] 9oo,T g<xl ) 

+ (g 00 )*(ch(E 00 )-td(T g J.P(T g J)) 
(by definition of Err) 
= ((ch BC (E t (-X), p' t ; 9t , Tgt ) - ch BC (Pt, Pt,gt, r 9t j^ 

~ (chi BC (E t (-X),p' t ;g U Tg t ) - ch' BC (E t , p t ; g t ,r gt )^ 

~ ((ch B c(^oo(-^),p / oo;fi , oo,T goo ) - ch B c(Poo,Poo;fi'oo,'r 5oo )j 

- ch BC (P 00 (-X), 

+ ((^),(ch(P t (-X) -P t ) -td(T g J -P(T gt )) 

- G7oo)*(di(Poo(-X) _ Eoo) . td{Tg j . P(T,J)) 

= ((ch BC {E t (-X), p' t ;g u r 9t ) - ch BC (Pt, Pt\9u r 9t )) 

- (ch! BC (E t (-X),p' t ;g U Tg t ) - ch BC (E t , p t ; g t ,T gt )^ 

- ^ch BC (Poo(-^),p / oo;fi , oo,r goo ) - ch BC (Poo,Poo;fi'oo,r goo )j 

- (ch BC (£oo(-^),Poo;#oo,T go J -ch BC (Poo,Poo^oo,r 5oo ))) 

+ ((<7 )*(ch(P (-X) - Eq) ■ td(T go ) ■ R(T 90 )) 

- (<7oo)*(ch(Poo(-X) - Poo) • td(T 9 J ■ P(T 5 J)) 
(by (5.6)). 
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From here, if we use Axiom 6 of the deformation to the normal cone rule for the 
relative Bott-Chern secondary characteristic classes in 3.C.3, by taking the limit 
t — > oo, we see that in the above expression, the contribution of cIibc exactly cancels 
out the contribution from chg C . This then implies that 

(Ett(E (-X); g Q ; P) - Err(£ ; g ; P)) 

- (Err(£; 00 (-X);^ 00 ;P)-Err(£; 00 ;^ 00 ;P)) 
= (g )*(ch(E (-X) - E ) ■ td(T go ) ■ R(T 90 )) 

- (g^^cHE^-X) -En) -td(T g J -P(T g J). 

Lemma 4. With the same notation as above, 

(go)*(ch(E (-X)-E ytd(T 9i) yR(T go ^ = (g^)^ch(EU-X)-E^)-td(T goo )-P{T goo )) . 

Proof. Let N it denotes the normal bundle of i t for all t E P 1 . Then we have the 
following exact sequence 

®—>Tf—> e t T gt -> N it -> 0. 

Therefore, i* t td(T gt ) = td(7» • td(N it ) and i* t P(T gt ) = P(T f ) + P(N it ). Hence, for 
all points t in the projective line P 1 , 

(g t )*(ch(E t (-X) -E t ) -td(T gt ) -P(T gt )) 
=(g t )*(ch((z t )^ t E) .td(T gt ) ■ P(T gt )) 

H9t),((it),{ch(e t E).td(N H )- 1 ).td(T gt ).P(T gt )) 

(by Grothendieck-Riemann-Roch Theorem in Algebraic Geometry for i t ) 
=(9t)*((h)*{cHi* t E) •td(iV lt )- 1 -e t td{T gt ) -i* t P(T gt ))) 

(by the projection formula) 
=(9t)*((h)*{chti* t E) •td(iV lt )- 1 -td(T f ) -td(N H ) ■ (P(T f ) + P(N it )))) 

=U (ch(z^) ■ td(iV lt )" 1 ■ td(2» ■ td(N lt ) ■ (P(T f ) + P(N lt ))) 

=f*(ch(i*E) -td(T f ) ■ (P(T f ) + P(N it )j). 

On the other hand, P(N ioo ) = P(N it ). Indeed, since IxP 1 does not meet B X Z, 
and W — > P 1 is flat, the restriction of the normal bundle Ni of the closed immersion 

I : X xF 1 to X x {t} is simply N t for all t E P 1 . Therefore, the cycles corresponding 
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to ch(iVj t ) and ch(A^oo) are the same for all t. So do the corresponding de Rham 
cohomology classes. This then implies P(N ioo ) = P{N it ) in H*(Y,M), and hence 
completes the proof of Lemma 4. 

Thus, we finally have; 

Err(iJ*E; g- P) - Err ((i^J^E; goo ; P) 
= (Err(E (-X)-g 0] P) - Err(£ ; g ; P)) 

- (EniEooi-X); 9oo ; P) - Err^; 9oo ; P)) (by definition) 
= (<7o)*(ch(P (-*) - Eq) ■ td(T go ) ■ R(T go )) 

- (g^^cHE^-X) -td(T g J -P(T g J) (by (5.8)) 
=0 (by Lemma 4), 

which completes the proof of Proposition A. 7. 
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6. Proof of the Uniqueness for Relative Bott-Chern Secondary Charac- 
teristic Classes 

A) Rank n-Projective Bundles 

B) Closed Immersions of Higher Codimension 

C) Proof of Uniqeness Theorems 

In this chapter, we will complete the proof of the uniqueness theorems for relative 
Bott-Chern secondary characteristic classes. For doing so, we need to study Err in 
two cases: P n -bundles and general closed immersions of codimension m. We will 
use a trick of Bott to deduce Err for a P n -bundle and use a trick of Faltings to 
deduce Err for a closed immersion of higher codimension to the cases of P^bundles 
and closed immersions of codimension 1. Once this is achieved, we then can use 
Propositions 5. A. 6 and 5. A. 7 to finish the proof. 

A. Rank n-Projective Bundles 

(A.l) For simplicity, in this section, we will use p n to denote the projection from any 
P n -bundle to its base, and use i\ to denote any codimension one closed immersion. 

In order to prove Err's are zero for projections p n from P n -bundles, we use an 
induction on n. In a more practical term, we deduce the problems for Err with 
respect to p n to these for just pi and %\. 

If n = 1, by Proposition 5. A. 6, we know that there exists a characteristic class 
R for rank two bundles such that 

Err(.;pi;fl) = 0. (6.1) 

Assume now that for any m < n, we have a characteristic class R m for rank m 
vector bundles such that 

(l m ) R m is additive and R m (E) = R m _ 1 (E) for all rank m — 1 vector bundles; 

(2 m ) Err(-; p m ; R m ) = 0. 

We then want to prove that there exists a characteristic class R n for rank n 
vector bundles such that 

(l n ) R n is additive and R n {E) = R n -i(E) for all rank n — 1 vector bundles; 
(2 n ) ETT(-,p n ;R n ) = Q. 
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(A. 2) In order to prove this, consider the generator of K(X) for X = Py(F), where 
F is a rank n + 1 vector bundle on Y. Note that by using a classifying map to 
Grassmannian, we may assume that F has a rank 1 sub-line bundle L such that 
F/L is again a vector bundle. In particular, we have the following closed embedding 
of codimension one: 

F Y (F/L) ^ P y (F) 

Pn-1 \ / Pn 

Y. 

Lemma 1. As a K(Y)-module, K(X) is generated by Ox(— 1) and the direct image 
ofn(K(¥ Y (F/L))y 

Proof. This is a direct consequence of the facts that 

(i) we have a short exact sequence 

-> L -> F -> F/L -> 
and hence ch(F) = ch(F/L) + ch(L); 

(ii) K(P y ) is generated by <9(i), z = 1, . ..,n and i*(0(a)) = 0(a) - 0(a - 1) from 
the structure exact sequence 

O->0(-l) ^C^z^C^O. 

(A. 3) With this lemma, in order to prove the uniqueness theorems, we only need 
to show that there exists an R n satisfies (l n ) and (2 n ) for Ox(— 1) and all the 
elements in i* ^(P y (F/L))j. 

We first deal with the elements in ^K(¥y (F/L))j . For this purpose, we use 
Proposition 5. A. 7. In fact, since 

h :¥ Y (F/L)^¥ Y (F) 

is a codimension-one closed imbedding, we have Err(o;; i±; R n ) = for all a G 
K(F Y (F/L)). But by definition, 

Err(a;z'i;i? n ) = Err(a;p n _i; R n ) - Err((zi)*Q!;p n ; R n ). 

Here p n -i (resp. p n ) denotes the natural projection from F Y (F) (resp. F Y (F/L)) 

to F. This implies that Err(a;p n -i; R n ) = Err((zi)*Q;; p n ; R n ). 
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Now, by the induction hypothesis (l m ) and (2 m ), m < n — 1, 



Err(a;p n _i; 



-Rn — -Rn-l) = 0, 



hence we have 



Err((zi)*a;p n ; J R n ) = 0, 



which exactly means that (l n ) and (2 n ) are valid for the elements in the direct 
image of K(F Y (F/L)). 

(A. 4) Now let us study Err(Ox(— 1), Pn', Rn)- For this special purpose, we use a 
trick of Bott following Faltings [F] . 

Let Flagy (F) be the Flag variety of F on Y. That is, the variety which classifies 
complete nitrations of F: 



where the successive vector bundle quotients are of rank 1. There is a natural 
morphism from Flagy (.F) to X which is just the composition of the forgetting 
maps. Hence the morphism from Flagy (F) to X is a composition of P m -bundles 
with m < n. Therefore, by Proposition 5. A. 2, and the induction hypothesis, Err 



R — Rm for rank m < n vector bundles. 

On the other hand, consider the pull-back of the line bundle Ox(— 1) over 
Flagy (F). By a simple calculation using the projection formula and the fact that 
the direct image of the structure sheaf on the total space Flagy (F) is simply the 
structure sheaf on the base X , we see that the push- forward to X of this pull-back 
line bundle, denoted by 0'{— 1), on Flagy (F) coincides with Ox(— 1) itself. Note 
that O'(-l) is (Flagy(F) -> X)-acyclic and its direct image £>x(-l) is (X -> Y)- 
acyclic. Thus by Proposition 5. A. 2, we have 



Therefore, it is sufficient to show that, for the natural morphism Flagy (F) — > Y 



= F C F 1 C ... C F n+1 = F, 



becomes zero for the morphism Flagy (F) 



X and any additive R such that 




(6.2) 



that Err for O'(-l), the pull-back of O x {-l), is zero. 
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In order to deal with the morphism Flagy(F) — > Y, we introduce another de- 
composition: Let Flagy(F) be the flag variety which classifies the following partial 
nitrations of F: 



where the rank of Fk is k. Then the composition of the natural morphism from 
Flagy(F) to Flagy(F) with the natural morphism from Flagy(F) to Y is just 
Flagy(F) — > Y. But, the morphism from Flagy-(F) to Flagy(F) is a P 1 -bundle. 
Therefore, Err for 0'{—l) on Flagy-(F) (with respect to the morphism Flagy-(F) — > 
Flag^F) vanishes, by our Proposition 5. A. 7 for P 1 -bundles. On the other hand, the 
push-forward of O'(-l) via the P^bundle Flag y (F) -> Flag^F to Flag' x F is the 
zero bundle, which certainly is (n : Flag^F — > Y) -acyclic and satisfies the trivial 
condition that Err(0; Flag^F — > Y; R) = by Proposition 5.A.3. Therefore, by 
Proposition 5. A. 2 again, we have 



(by the fact that Fl&gxF — > Flagx-F is a P 1 - bundle) 

=0. 

This, by (6.2), then gives Ett(Ox(—^)',X — > Y;R) = 0, and hence completes the 
proof of (2 n ). In this way, we see that there exists a unique additive chacteristic 
class R such that Err(-;p n ; R) = for all P n -bundles p n . 

B. Closed Immersions of higher codimension 

(B.l) In this section, we deal with a regular closed immersion of higher codimension. 
Similarly, we use the deformation to the normal cone technique so as to deduce a 
general immersion to the following situation: 

(i) a section of a projective bundle; 

(ii) co dimension-one closed immersions. 



= F Q C F 2 C ... C F n+1 = F, 



Err(C'(-l); FlagxF -»• Y; R) 

7T* (Err(0'(-1); FlagxF -> Flag^F; R) ■ td(T Flag , xF ^ Y 
+ Err(0; Flag x F -> Y; R) 



)) 




(B.2) Let 



X 



Z 



f\ 



/ 9 



Y 
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be a closed immersion i n : X c — > Z of codimension n : smooth over Y via / and g. 
Similarly, as for i\ before, for any vector bundle E on X with R as in Section A, 
set 

Err(£; z n ; R) := Err(£; /; i?) - Err((z n )*£; i?). 

We here want to show that Err(-; p n ; R) = and Err(-; h; i?) = implies Err(-; i n ; R) = 
0. 

(B.3) Let us now suppose that we can reduce the problem for a general closed 
immersion i n to the case l(i) and 1(h) above, then by definition, in case (i), 

Err(£; i n ; R) = Err(£; X -4 Y ; R) - Err((z n )*£; F x -> X -> F; i?). 

Note that now z n is simply a section of — > X, hence with the same proof as for 
Lemma 4.B.7.1, (see e.g. Remark 5.4,) we have Err(-; i n ; R) = for z n a section of 
a projective bundle. Note also that by Proposition 5. A. 7, Err is zero for any closed 
immersion of codimension one, so we should find a way to deduce a general closed 
immersion to a section of a P n -bundle and codimension one closed immersions. 

(B.4) To deduce the case of an arbitrary closed immersion to l(i) and 1(h) above, 
we use deformation to the normal cone theory as usual. For this, recall the following 
basic fact concerning the deformation to the normal cone. 

Let / : X — > Y and g : Z — > Y be two smooth, proper morphisms of compact 
Kahler manifolds and % : X — > Z be a codimension n closed immersion over Y, i.e., 
i is a closed immersion of codinemsion n such that / = g o i. Then we have the 
following standard construction of the deformation to the normal cone. 

Denote by tt : W := B Xx{oo} Z x P 1 -> Z x P 1 , where S Xx{oo} Z x P 1 denotes 
the blowing-up of Z x P 1 along X x {oo}. Denote the exceptional divisor by P. 
It is well-known that the map qw : W — > P 1 , obtained by composing it with the 
projection q : Z x P 1 -> P 1 , is flat, and that for zGP 1 : 

_i, v f ^ for ^ ^ oo, 

W 1 FUB X Z, for z = oo. 

Here BxZ denotes the blowing-up of Z along X . By the construction, Pfl BxZ is 
the exceptional diviosr of BxZ. In particular, P n = ¥x(N in © Ox) with the 
normal bundle corresponding to i n . 

Denote hy I : X xF 1 ^ W the induced codimension n closed embedding. Easily 
we see that the image of / does not intersect with B X Z, and the image X x {oo} 
in W is a section of P. 
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Lemma. With the same notation as above, the following two morphisms 

X H F x (N in © Ox) J ^W and X ^ W ^ W 
induce the same morphism for K- groups. 

Proof. Clearly, as W is flat over the rational curve P 1 , and -ftT-group is compactible 
with rational equivalence on cycles by the fact that there is a Q-isomorphism be- 
tween K- groups and Chow groups, we see that X ^ W t for all t G P 1 induce the 
same map on K-groups. 

Now let — > E. — > I*F — > be any resolution of a vector bundle on X, (viewed 
as a vector bundle on X x P 1 .) Then by the flatness of W — > P 1 , the restrictions 
of resolutions — > E. — > i*.F — > to Wt for all t G P 1 are all exact. On the other 
hand, by the construction, X x P 1 is disjoint from the component BxZ in W^, 
so we see that on BxZ, such a restriction is acyclic. That is to say, it gives zero 
element in K(BxZ) and as well as in K(F n BxZ). Thus by definition, we see 
that the iiT-push-forward for X — > Woo — > W may be simply calculated by the one 
induced via X — > P — > W. This completes the proof of the lemma. 

In this way, by definition, we see that 

Err(£; oi OQ ;R) = Err(E; j ° «o; 

By definition again, we know that 

Err(E; o i^R) = Err(E; z^; R) + Err (i^E ; j^; R) 

and 

Err(£?;j o i ;i2) = Err(£; i ; R) + Err(i *E; j ; R). 
Thus to complete the proof, it is sufficient to prove that 

Err(-;ioo;#) = 0, 
Err(-;j oo ;R) = 0, 

and 

Err(-;j ;R) = 0. 

Note that each of the three closed immersions, Zqo, jo and joo, is either a codimension- 

one closed immersion or a section of a P n -bundle, i.e., they belong exactly to l(i) 
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and l(ii) above. So we see that Err(-;^ n ;-R) = for any closed immersion i n of 
codimension n. 

C. The Proof of Uniqueness Theorems 

(C.l) Clearly, the weak uniqueness theorem is a direct consequence of the strong 
uniqueness theorem, so it is sufficient to prove the later one. 

(C.2) For doing so, factor / : X — > Y gular closed immersion z TO : X — > Z 

followed by a projection p n : P Y — > Y. Then by definition, for any vector bundle 
E on X, 

Err(E;f;R) 
=Err(£; i m ; R) + Ett^E; p n ; R) 
=0 + ErT(uE;p n ;R) (by (B.4)) 
=0 + (by (A.3) and (A.4)) 
=0. 

This together with Proposition 5. A. 3 implies that 

Err(.;/;i?) = 0. 

Thus by definition, we have 

ch / BC (i?, p- f, Tf ) = ch BC (E, p- /, Tf) + /, (ch(E) ■ td(T f ) ■ R(T f f) 

for any smooth proper morphism / and any /-acyclic vector bundle E. This then 
surely completes the proof of the uniqueness theorems. 
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7. Existence of Relative Bott-Chern Secondary Characteristic Classes 

A) Arithmetic intersection and arithmetic characteristic classes 

B) An Effective Construction of Relative Bott-Chern Secondary Characteristic 
Classes 

In this chapter, we prove a weak version of the existence of relative Bott-Chern 
secondary characteristic classes by effectively constructing some classes of differen- 
tial forms, which is sufficient and necessary for our application to the arithmetic 
Grothendieck-Riemann-Roch theorem. 

A. Arithmetic intersection and arithmetic characteristic classes 

(A.l) In this section, we first recall the theory of arithmetic intersection and arith- 
metic characteristic classes developed by Arakelov [Arl,2], Deligne [De2] and Gillet- 
Soule [GS1,2]. All results in this section are mainly due to [GS1,2]. The notable 
difference is that here we only work over C. So some modifications are needed. 
(Contary to the general principle used in this paper, in this section, we will only 
tell the reader how an arithmetic intersection and arithmetic characteristic classes 
are introduced, instead of indicating a more sound why.) 

Let A be a complex compact manifold of dimension d. Denote the space of 
differential forms of degree n on X by A n (X) := (B p + q = n A p ' q (X). There are natural 
boundary morphisms d : A™(X) -> AP +1 ' q (X), 3 : A™(X) -> A™+\X), and the 
usual differential d : A n (X) — > A n+1 (X). We say that a linear function T on 
A n (X) is a current, if T is continuous in the sense of Schwartz: for any sequence 
{uj r } C A n (X) with the supports contained in certain fixed compact subset AT, 
T(ui r ) — > if all the coefficients of ui r together with their derivatives tend uniformly 
to zero when r — > oo. The set of currents forms a topological dual space A(X)* of 
A(X). Denote by D n (X) := A n (X)*. There is a natural decomposition D n {X) = 
©p+ g =n-Dp,g(A), where D p ^ q (X) is the dual of A p ' q (X). It is convenient to set 
D p ' q (X) := D d - Pjd _ q (X). Then d,d, and d induce morphisms d',d',d' from D p ' q 
to DP +1 > q (X), DP> q+1 (X), and D P+1 ^ +1 (X) respectively, e.g., (d'T)(a) := T(da). 

Examples, (i) There is a natural inclusion 

AP>«(X) ^ D p ' q (X) 
uj i — > 

where [oj](a) := j x uj A a for any a G A d ~ p > d ~ q (X). We say that a current T 

is smooth if there exists a smooth form to such that T = [to]. In particular, if 

p + q = n, it follows by Stokes' theorem that [do;] (a) = J x dto A a = J x d(uj A 
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a) - f x (-l) n iv A da = (-l) n+1 f x oo A da = (-l) n+1 (d'[u])(a). Therefore, we let 
d,3,d on the currents be (— l) n+1 <9', (— l) n+1 <9', (— l) n+1 cf respectively, and let 
d c := (d — 3). Then dd c = —-^dd is a real operator, and we have the following 
commutative diagram: 

AP'i(X) ^ D™{X) 
di id 
Ap +1 >i(X) ^ Dp +1 >i(X). 

(ii) Let % : Y <— > X be an irreducible subvariety of codimension p. We get a current 
S Y G by letting 5 Y (a) := J Yns i*a for any a G A d " p ' d - p (X). Here y ns 

denotes the non-singular locus of Y. We call this current the Dirac symbol of Y. 

Concerning the relations between smooth differential forms and currents, we 
have the following well-known facts: 

(i) With the boundary morphisms 9, <9, <i, the cohomologg goups of X for differ- 
ential forms are isomorphic to these for currents. 

(ii) Let 7 be a current on X such that dd C/ y is smooth. Then there exist currents 
u>, a, (3 such that 7 = u + da + 3(3, with u smooth. 

(iii) As a current, if u is smooth and u = du + dv, then there exist smooth currents 
a, j3 such that oj = da + 8(3. 

(iv) If X is a Kahler manifold, and 77 G D p > q (X), p, q > 1, is (i-closed and is 
either d, d, d exact. Then there exists 7 G D p ~ 1 ' q ~ 1 (X) such that dd C/ y = 77. In 
particular, if r] = 0, we may choose ^ = uj + da + 3(3 with u; a harmonic form. 

(A. 2) Let Y be a codimension p analytic subvariety of X. Following [GS1], we say 
that a current g G D P ~ 1 ' P ~ 1 (X) is a Green's current of Y if <i<i c (7 = [a;] — 5y for some 
a; G A P ' P (X). It is well-known that if X is a Kahler manifold, then Green's currents 
for analytic subvarieties of X exist. And if g\ and g 2 are two Green's currents for 
Y, then, by A.2(ii), g 1 -g 2 = [v] + 3S 1 + 3S 2 , where 77 G A P ~ 1 ^~ 1 {X). 

Example. (The Poincare-Lelong equation) Let (L,p) be a hermitian line 
bundle on X and s a non-zero meromorphic section of L. Then — log \s\ p G L 1 (X), 
and hence induces a distribution [— log|s|^] G D°'°(X). Moreover, 

dd c [-log\s\ 2 p ] = [ci(L,p)] -<5 d iv(a)- 
So, [— log|s|p] is a Green's current of div(s), the divisor of s. 

(A. 3) From now on, assume that X is a projective complex manifold. For any 

irreducible subvariety Y, following [GS1], we say a smooth form a on X — Y has 
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logarithmic growth along Y, if there exists a proper morphism n : X — > X such 
that E 1 := 7r _1 (y) is a divisor with normal crossings, n : X — E ~ X — Y and a 
is the direct image of a form /3 on X — i? by 7r with the following property: Near 
each x G X, let z\ . . . Zk = be a local defining equation of E. Then, there exists 
(i-closed smooth forms cti and a smooth form 7 such that (3 = ^2 i=1 adog|^| 2 + 7. 

Obviously, such an a is always locally integrable on X, and hence defines a 
current [a] , which is the direct image by 7r of the current [/?] . 

By [GS1], we know that for every irreducible subvariety Y C X, there exists 
a smooth form gy on X — Y with logarithm growth along Y such that [gy] is a 
Green's current for Y\ (This may be viewed as a generalization of the Poincare- 
Lelong equation.) Moreover, if a is a form on X — Y with logathmic growth along 
Y, then 

(i) if / : X' — > X is a morphism of smooth projective varieties such that 

does not contain any component of X' ', then the form /*(«) is of logarithmic growth 
along f-^Y); 

(ii) = [da]. 

(A. 4) We introduce now the arithmetic Chow groups and their cohomological prop- 
erties following [GS1]. 

Let X be a regular projective variety over C. Set 

A™{X) := A p > p (X)/(Imd + Im<9); A(X) := ® p A p > p (X); 

D p ' p (X) := D p > p (X)/(Imd + Im8); D(X) := ® p D p > p (X). 

Denote by Z P (X) the free group generated by subvarieties of X . We say that an 
element (Z, gz) € Z P (X) © D p ~ l,p ~ 1 (X) is an arithmetic p-cycle if gz is a Green's 
current of Z, i.e. dd c g z = u(Z, gz)—8z for some uz '■= w(Z, gz) G A P ' P (X). Denote 
by Z^ r (X) the abelian group generated by arithmetic p-cycles. 

Next, define arithmetic rational equivalence among arithmetic cycles. Let i : 

Y X be a subvariety of codimension p — 1. Then, there is a resolution of 

singularities of Y , 7r : Y — > F with 7r proper. Thus any rational function / G 

defines a rational function /onF such that log \ f\ 2 is L 1 on Y. Hence / is contained 

in D°'°(Y). Let i : Y — > X be the natural induced morphism, then i + [log |/| 2 ] G 

Z) P_1 ' P_1 (X), and is independent of the choice of Y. Hence we may simply denote 
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it by [log| / 1 2 ] . Moreover, by the Poincare-Lelong equation in Example A. 2, 



divAr(Z) := (div(/),-z4log|/| 2 ]) G Z p Ar (X), 

and is defined to be arithmetically rationally equivalent to zero. Let R Al (X) be the 
subgroup of Z p Ar {X) generated by divA r (/) for / e k(W)*, with W any codimension- 
(p — 1) subvariety. Define the p-th arithmetic Chow group, denoted by CH Ar (X), 
to be the quotient group Z Ar (X)/R p Ar (X). Set CR Ay (X) := ® P CB. p Ar (X). 

(A. 5) Let X be a smooth projective variety over C, and Y C X a closed irreducible 
subvariety and / : Z — > X a proper morphism of irreducible projective varieties 
such that /(Z) (jL Y . Let gy be a Green's current of Y with logarithmic growth 
along Y associated to (X, E) as in A. 3. Denote the associated current by [gy]- 
Then by resolving the singularities of Z ', we may construct a commutative diagram 

z -4 x 

Z 4 X, 

such that D = j~ 1 (E) is a divisor with normal crossings, Z is projective and 
smooth, and p is birational. By A.3(i), q*gy is of logarithmic growth along (/ _1 (Y), 
so it is integrable and [gy] A Sz := <Z*[(/*.6 , y] defines a current in X. Furthermore, if 
is an arbitrary Green's current of Z ', we define the ^-product of [tjy] and gz by 

[tfy] * fi'z := [tfy] A 5 Z + [dd c g Y + 8y] A g z . 



One checks that the following holds; 

(i) If Y and Z intersect properly, i.e., Y fl F = with codinixSi = codim^ Y + 
codinixZ, and as algebraic cycles, [Y][Z] = J2 i HiSi, then dd c ([gy] * gz) = [<^y A 

(ii) For any two Green's currents gy , g' Y of Y - with logarithmic growth, as an element 
of D{X), [gy] *gz = [g' Y ] *9z for any Green's current gz- Hence, we may also define 
the *-product among general Green's currents. In particular, gy * gz = 9z * 9y, 
and (gy * gz) * gw = gy * (gz * gw) whenever the products make sense. 

(A. 6) Easily, we have the following morphisms involving CHai-^); 

(i) C : CR p Ar (X) -> CH(X), (Z, g z ) ~ Z. 

(ii) a : Ap-^p-^X) -> CH Ar (X), a h-> (0, a). 

51 



(iii) to : CH Ar (X) - A™{X), (Z,g z ) ^ dd c g z + 5 Z . 



One checks that we have the following exact exact sequence 



AP-^p-\x) A CH Ar (X) ± CR p (X) -> 0. 



(A. 7) Now we are ready following [GS1] to introduce an arithmetic intersection 
theory for regular projective varieties over C. 

Theorem. ([GS1]) Let X be a regular projective variety over C. Then 
(i) for each pair of natural numbers (p, q), there is a pairing 



The pairing is uniquely determined by the following property: If Y and Z are sub- 
varieties of X which intersect properly, and gy and gz are Green's currents for Y 
and Z, then 



(ii) the product above makes CHat(X)q := Q) p CH 1 Ar (X)Q a commutative, associa- 
tive Q-algebra; 

(iii) the natural morphism 



is a Q-algebra homomorphism, where Z P,P (X) := the closed forms in A P,P (X). 
Moreover, a(4>) ■ (Z,g) = a(4> A u(Z,g)) for all 4> E A(X) and (Z,g) e CH Ar (X), 
and in particular, a(Q) p H p,p (X)) is a square zero ideal in CHat(X)q. 

(A. 8) Let / : X — > Y be a smooth morphism of regular projective varieties over 
C. Then for any subvariety Z in Y, if gz is a Green's curent of Z, f*gz is 
a Green's current for f~ 1 (Z). One checks that the arithmetic rational equiva- 
lence is compactible with such a pull-back. Hence we have a well-defined pull- 
back morphism /* : CH Ar (Y~) — > CH Ar (X), which induces a Q-algebra morphism 



We may also construct a puh-forward morphism. This is done as follows. First 
construct a map from Z Ar (X) to Z A ~ r (Y) as follows, where r denotes the relative 
dimension of /: Let (Z,g z ) G Z Ar (X), with Z irreducible, i.e. Z = {z} with z the 
generic point of Z. Set 




a(3. 



([Y],g Y )([Z],g z ) :=([Y][Z},g Y *g z y, 



(C,w) : ® p ClF Al (X) Q -> ® p (CIF(X) © Z p > p (X)) Q 



CHAr(^)(Q — > CRat(X)q 




[k(z) : k(f(z))} {f(z)}, if dim f(z) = dimz; 



otherwise. 
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Then, for Green's currents, we know that for any rj € A dilQY - p ' diiaY - p (X), 

(fJz)(v) =$z(f*v)= [ f*V= f r(v\f(z)) 

Jz J z 

J deg(Z/f(Z)) f f{z) rj, if Z -> /(Z) is finite; 
I 0, otherwise. 

Hence f*5 z = and 

dd c (f*g z ) = [f*oj z ] - */.(z)- 

That is, /*<7.z defines a Green's current of f*(Z). Therefore we may set 

UZ,g z ) := (f*ZJ*g z )EZ p A - r (Y). 

Furthermore, it is not difficult to check that this definition is compatible with 
the arithmetic rational equivalence, and hence we get a push-out morphism /* for 
arithmetic Chow groups /* : CH Ar (X) — > CH A ~ r (y), which induces a Q-algebra 
morphism CH.Ar(X)q — > CHA r (l^)Q. Moreover, we have the projection formula 

f*(r(a)-(3) = a-f*((3). 

One may also introduce a pull-back morphism for arithmetic Chow rings with 
respect to closed immersions i : X + Z of regular projective varieties over C. In fact 
if W is a subvariety of Z which properly intersects with X, then it is easily to check 
that for any Green's current gw of W, i*gz is a Green's current of W n Z. Hence, 
i*(W, gw) £ CHAr(Z). For general arithmetic cycles, one may use the arithmetic 
intersection to define their pull-back onto Z. So a suitable Chow type moving 
lemma is needed. All in all, as what does in [GS1], for i, we finally can define a 
Q-algebra morphism i* : CHay(Z)q — > CHa^-'Oq which coincides i* defined above 
for arithmetic cycles whose corresponding algebraic cycles are properly intersect 
with Z. 

Thus, in particular, if / : X — > Y is a morphism between regular projective 
varieties over C, then write / as a composition of a closed immersions i and a 
smooth moprphism p. Set /* := p* o i* : CHA r (T) — ► CHA r (^). One checks that 
such an /* does not depend on the decomposition / = p o i. 

Moreover, if / : X — > Y is smooth and g : Y' — > Y is proper morphism among 

regular projective varieties over C. Denote by gf : Xx Y Y' — > X and / 5 : XxyF' — > 

y' the projections as before. Then for any element (Z,g) G CHai-PO, we have 

g*MZ,g) = (f 9 )*(g f )*(Z,g) e CK Ar (Y'). 
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(A. 9) Let X be regular projective variety over C. Then, following [GS2], we define 
the arithmetic K -group Kat(X) as the abelian group generated by hermitian vector 
bundles (E, p) on X and 77 G A(X) modulo the subgroup generated by the following 
relations: For any short exact sequence of vector bundles on X, 

E. '. — > Ei — ► E2 — ► -E3 — ► 0, 

let pi be hermitian metrics on then 

((£?!, pi); 771) + ((^3, Ps);m) = ((#2, P2); -ch BC (-E-, Pi, P2, P3) + 771 + 7/3). 

Here chec^-; P-) denotes the classical Bott-Chern secondary characteristic classes 
associated with (E 1 ., p.) on X with respect to ch. (See e.g., Remark 1.1.1.) 

To motivate the definition of arithmetic characteristic classes, we start with an 
example. Let (L, p) be a hermitian line bundle on X. Then for any non zero section 
s of L, by the Poincare-Lelong equation in Example A. 2, (div(s), —[log \s\^]) is an 
element of CH^ r (X). Define cat,i(L, p) as the class of this element in the arithmetic 
Chow ring. From here, as one may imagine, in general, we may use the splitting 
principle together with the classical Bott-Chern secondary characteristic classes to 
construct arithmetic characteristic classes for hermitian vector bundles. 

(A. 10) Let B be a subring of real number field R, and let <j> G -B[pi, . . . , T n ]] be a 
symmetric power series. Then we have the following; 

Theorem. ([GS2]) Associated to every hermitian vector bundle (E,p) of rank n 
on X is an arithmetic characteristic class 4>x r {E,p) G CHj^ T (X)q which satisfies 
the following properties: 

(i) If f :Y -> X is a morphism, /*(0 A r(£, p)) = (j>Ar(f*E, f*p). 

(ii) If (E, p) = (Li, pi) © • ■ ■ © (L n , p n ) is an orthogonal direct sum of hermitian 
line bundles, 4>Ar(E, p) = 4>{cAr,i{L\, pi), . . . , c Ar ,i(in, Pn))- 

(in) In A{X), u(<p A r(E, p)) = <P(E, p), and in CH(X) Q , ((ME, p)) = <P(E). 

(iv) Let E. : — > E\ — > E2 — > E3 — > be an exact sequence of vector bundles 
on X together with hermitian metrics pi on Ei for i = 1,2, 3. Then 

4>Ar{E 2 , P2) = <j>Ar(Ei © E 3 , p\ © p 3 ) + a((f)Bc(E., pi, P2, P3))- 
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In particular, we have a well-defined arithmetic Chern characteristic class 



CriAr : Kay(X)q — > CH Ar (X)Q. 

It is a result of Gillet and Soule that Ka_j-(X)q admits a so-called A-ring structure, 
and cliAr indeed gives a ring isomorphim. We will not recall the details, instead, 
we state the following equivalent: 

Theorem'. ([GS2]) Let X be a regular projective variety over C. Then 

c/iAr : Kay(X)q — > CHat(X)q 
is a group isomorphism. Moreover, 

C fc A r((£,p)® (£',P')) = (c/i A r(^,p)) • [ch^E' , P ')) . 



(A. 11) We end this section by recalling a result due to Faltings. 

Let / : X — * Y and g : Z — > Y be two smooth, proper morphisms of compact 
Kahler manifolds and i : I -> Z be a codimension one closed immersion over Y, 
i.e., i is a closed immersion of codinemsion one such that / = g o i. Denote by 

7T : W := B Xx{oo} Z xPUZxP 1 , 

the natural projection, where Bx x {oo}Z x P 1 denotes the blowing-up of Z x P 1 
along X x {oo}. Denote the exceptional divisor by P of n. We know that the map 
qw : W — > P 1 , obtained by composing 7r with the projection q : Z x P 1 — > P 1 , is 
flat, and that for t e P 1 : 



Z x {t}, for t 7^ cx), 
PUS X Z, fort = 00. 



Here -BxZ denotes the blowing-up of Z along X . Moreover, by the construction, 
P and BxZ intersect transversally, and P fl BxZ is the exceptional divisor X on 
B X Z. 

Denote by / : X x P 1 W the induced codimension one closed embedding. 
Then the image of / does not intersect with B X Z, and the image X x {00} in 
W is a section of P. Denote the induced fibration Z x {t} — > Y x {t} by ^ 
for t 7^ 00 and set g^ to be the composition of the projection of P on X with 
(X =)X x {00} -> Y x {cx)}(= Y). Denote by / t : X x {t} -> Y x {t} the smooth 

morphisms induced from / for all t G P 1 . 
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Let E be a vector bundles on Z. Then we have the following exact sequence of 
coherent sequences on W; 

-> (■Ko Pz yE(B x Z-Xx^ 1 ) -> (7rop z )*£(B x Z) -> IJ*((7rop z )*E(B x Z)) -> 0. 

(7.1) 

Thus, by the flatness of qvk : W — > P 1 , we know that the restriction of (7.1) to 
the fibers W$ of for all t 6 F 1 are exact. Thus, in particular, for each t ^ oo in 
P 1 , from (7.1), we have the induced exact sequences 

_> E t {-X) -> E t -> (i t )*i t *£; t -> over Z x {t} (7.2) 

with the pull-back of £7 under the canonical identity X x {t} ~ X. Similarly, for 
the fiber at oo, if we set E(B x Z)\ p := E^, E(B X Z)\ B ^ Z =: E'^ and E(B X Z — 
X x P 1 )^ z =: E'^. Then E(B X Z - X x P 1 )^ = E^-X), and (7.1) splits into 
two exact sequences 

O^E^i-X) ^E^ -> (zoo)*C^oo ^0 over P (7.3) 

and 

0->£?^->£?^->0->0 over (7.4) 

In particular, we see that on B X Z, E'^ = E'^. 

Choose a hermitian metric Tw on T w , the tangent bundle of W. Then 
naturally induces hermitian metrics r t on T gt for all t G P 1 . Similarly, Tw induces 
a hermitian metric tq on Tq{— logoo), the logarithmic relative tangent bundle 
associated to the morphism G : W — > F x P 1 , which may be naturally embedded 
in T w (see e.g. [Del]). 

Fix hermitian metrics p and p' on i? and on E(—X) respectively. Use the same 
notation to denote the pull-back of (E, p) onto W. Choose the Fubini-Study metric 
on Cpi(oo) and a metric on Ow(—X x P 1 ) such that in a neighborhood U of B X Z, 
which is away from IxP 1 , the natural isomorphism Ow(— X x P 1 ) ~ Ow induces 
an isometry, once we put the trivial metric on Ow Denote these final induced 
metrics on E(B X Z) and E(B X Z - IxP 1 ) by Dp and Dp' respectively. 

Denote the induced metrics via restriction to Et and Et(—X) (resp. to E'^ and 
E'^ on B X E) by p t and p' t respectively for all t G P 1 , (resp. p"^ and p'^)- Easily, 
we see that po = p and p' = p', and (E'^, p'^) is isomorphic to (E'^, p'^) by the 
construction. In this way, 

(E(-X),p')^(E,p) on Z 
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is deformed to 



DC 



) on P 



(and 



oo 



)^{e'Lp\ 



oo 



) 



on B X Z). 



Proposition. ([F]) With the same notation as above, for all t 6 P 1 , 



(ch Ar {E u p t ) - ch Ar (E t (-X), p' t )^J ■ td KT {T t ,T gt ) 
i*((ch Ar (E,Dp) - ch Al (E,Dp)^ • *d A r(T G (-logoo), t g )). 



Proof. Surely, by (A. 8), i* t is well-defined. So at least all terms make perfect sense 
as they stand. 

The proof is rather formal but standard. The key points are that E — E(—X x P 1 ) 
is supported only onlxP 1 ; that XxP 1 does not intersect B X Z where the hermitian 
exact sequence splits. As a direct consequence, in the calculation, we may only pay 
our attention on X x P 1 , while pay no attention on B X Z. With this in mind, 
certainly, we may also simply view (T ,r 3o ) (resp. (2oo,r ffoo )) as the restriction of 
the (Tg(— logoo), tg). (Recall that the induced metric on from tq is singular, 
but the singularity is concentrated on Pfl B X Z, which is away from X x P 1 by the 
construction.) To be more precise, in practice, we need the following preparation. 

First, following [F], we give a generalization of arithmetic intersection introduced 
in A. 7. Instead of working over a single regular projective variety over C, we are 
now working over a triple (A; B; C). Here A and C are regular projective varieties 
over C, A C B C C with B an open subset of C, i.e., B an open neighborhood 
of A in C. Define a relative arithmetic Chow group CH^ B (C) by setting it to be 
the quotient of the group generated by arithmetic cycles (S, gs) of C with S C A, 
Supp(gs) C -B, modulo the subgroup generated by arithmetic cycles defined by 
rational functions on cycles in A, together with the forms da + Bf3, where a and (3 
are currents with support in A. We point out that even by tensoring with Q, the 
resulting space CH^ s (C)q only admits a group structure. 

Nevertheless, we may introduce a natural CHA r (C')Q-module structure on CH^ s (C)q. 

Indeed, for an element oo G A(C), it is clear that for any element (S,gs) G 

CH^ b (C)q, the standard arithmetic intersection on C gives an arthmetic cycle 

(0,ui) ■ (S,gs) on C which then turns out to be an element in CH^ s (C)q as well. 

Similarly, for any hermitian line bundle (L, p) on C, Theorem A. 7, in which the 

standard arithmetic intersection is introduced, shows that ci jAr (L,p) ■ (S,gs) '■= 
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(div(s), — log ||s||p) • (S, gs) is again an element in CH^ b (C)q. Here s is a non-zero 
section of L. Easily, one checks that all the actions satisfies the module axioms. 
Thus in particular, by Theorem A. 10' and splitting principle, we have provd the 
first part of the following 

Lemma. ([F]) With the same notation as above, 

(i) CH^. 3 (C)q admits a natural CHA r (C)Q-module structure; 

(ii) If {Ei, pi) and (E 2 , p 2 ) are two hermitian vector bundles on C such that over B, 
there is an isometry (Ei, pi) ~ (E 2 , p 2 ) , then for any arithmetic characteristic 

B B 

class tpAr, and any element (S,gs) £ CH A [ (C), we have in CH A ' r (C)q and hence 
in CH Ar (A), 

0Ar(£i, Pi) • (S, g s ) = <pAr(E 2 , P2) • (S, g s ). 



Proof. Let us start with the case for hermitian line bundles. In this case, we have 
the following 

Lemma/ Let (Ai; Bi,Ci) and (A 2 ;B 2 ;C 2 ) be two triples as above such that there 
is an isomorphism a : B\ ~ B 2 which induces an isomorphism A\ ~ A 2 . Then 

(i) there is a natural induced isomorphism 



CH^ Bl (d)~ CH^'° 2 (C 2 ); 

(ii) If there are hermitian line bundles (Li,pi) and (L 2 , p 2 ) on Z\ and Z 2 respec- 
tively such that there is an isometry (L±, pi) ~ (L 2 , p 2 ) , then we have the 

B\ B2 

following commutative diagram; 



■A2,B2 , 



CE 



-A 1 ,B 1 



Ar HCl) - CHt' B2 (C 2 ) 



Cl,Ar(il,Pl)'(-) i 



i (-)-Cl,Ar(L2,P2) 



CH^' Bl 



CE 



Ar 



>(C 2 ). 



Proof. This comes directly from the definition. 

Let us now go back to the proof of the lemma. For doing so, we use the flag 
varieties of E\ and E 2 . Denote by Flagc-Ei (resp. Flagc-E^) the complete flag 
variety of Ei (resp. E 2 ), by 7Tj : Flagc-Ei — > Z the natural projections, and Bi := 
n~ l {B), and Ai := tx~ 1 {A). By our assumption on {Ei, pi) and Lemma'(i), we have 
an isomorphism 

CH£' Bl (Flagyl) ~ CHt 2 ' B2 (Flag c i? 2 ) 
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with which the pull-back of arithmetic cycles n*(S, <7s)'s are compactible. 

But for i = 1, 2, on Flagc-E^, n*(Ei) has a complete filtration by line bundles L^a- 
Thus we can let any polynomial in the ci^ T (Li ja , Pi ja ) act on the arithmetic cycles in 
CH^' Sl (Flagc-Ei). By Lemma' (ii), at this level, the actions for % = 1 and for z = 2 
correspond to each other in a unique way. Easily, one sees that so do the actions 
for elements in A, which in particular includes all classical Bott-Chern secondary 
characteristic classes ch B c measuring the change of arithmetic characteristic classes 
for hermitian vector bundles with respect to the extension of vector bundles and 
the change of their metrics. Thus, by Theorem A. 10, for </>Ar(-E;, Pi), there exists an 
operator Q{c\^ v {L ijCX , Pi }Ce )) + Obc on CHA r (Flagc-Ei)Q, where Q is a power series 
in c^Ar a ) Pi,a) and Obc the multiplication by a classical Bott-Chern secondary 
characteristic class, such that for all (S,gs) G CH^ B (C), 

<j>Ar(Ei,Pi) (S,g S ) = Ki*^(Q(c ljA r(L l 

,a -i Pi, a 

But, by Lemma' (ii), we know that 

^l*(((<2(ci,Ar(£l,a,Pl,«))) + ^Bc) < (S, 
=7T2*(((<2(ci,Ar(-£'2, a ,P2,a))) + ^Bc) ^2 (S, , 

via the isomorphism 

CH^' Bl (Flagci?i) ^ CHt 2 ' B2 (Flag c i?2). 
Thus in CH^ s (C)q, and hence in CHai-(C)q, we have 



0Ar(-El, Pi) (S, g S ) = ^Ar(^2, pi) (S, gs) 

for all elements (S, gs) G CH^ B (C). This then completes the proof of the lemma. 

With this lemma, now the proof of the proposition can be easily deduced. Indeed, 
first, since E—E(—X x P 1 ) is supported only onlxP 1 and XxP 1 does not intersect 
BxZ where the hermitian exact sequence splits, ch.Ar(E — E(—X xP 1 ), Dp — Dp') G 
CH A " r xP ' W \ u (W)q. Secondly, we easily have the functorial properties for the rel- 
ative arithmetic interesction defined above. Thus, we may apply the lemma as 
follows: At the fiber over 0, we choose (A; B; C) to be (X; W\Un Z; Z), (S, g s ) to 

be ch Ar (E - E(-X x P 1 ), Dp - Dp') , Ar to be td Ar , and (£i,pi) to be (T g ,T g ), 

*z 

; while at the fiber over oo or better over P, we 

z 



(E 2 ,p 2 ) to be (T G (-logoo),r G ) 
choose {A-B-C) to be (X; W\Uf]¥; P), (S,g s ) to be (E-E(-X x P 1 ), Dp-Dp') 
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4> A T to be td Ar , and (E 1 ,p 1 ) to be (Too,r ffoo ), {E 2 , p 2 ) to be (T G (- log oo), r G ) . 
All this then completes the proof of the proposition. 

B. An Effective Construction of Relative Bott-Chern Secondary Char- 
acteristic Classes 

(B.l) In (A. 6), we see that there is an exact sequence 

AP-hP-i(x) A CH^(A) CIP(A) -> 0. (7.5) 

Therefore the a-image of A P ~ 1,P ~ 1 (X) in CH^ r (A) is a well-defined space. Due to 
the fact that if / : Z — > A is a morphism of regular projective varieties over C, 
then the maps appeared in the above exact sequence are compactible with all the 
pull-back /* for the corresponding spaces, and hence a(A p ~ 1 ' p ~ 1 (X)), a quotient 
space of A P ~ 1 ' P ~ 1 (X), is as canonical as A P ~ 1 ' P ~ 1 (X) itself. In particular, we may 
equally use this space, denoted by A P ,P 1 (A), to develop the theory of relative 
Bott-Chern secondary characteristic classes. That is to say, in the axioms stated 
for relative Bott-Chernsecondary characteristic classes, we may use A, instead of 
the original A, e.g., we consider the classical and relative Bott-Chern secondary 
characteristic classes as elements in A rather than as in A. One checks easily that 
the previous uniqueness theorems and their proofs work exactly the same way as 
before. 

(B.2) We now give an effective construction for relative Bott-Chern secondary char- 

p p 

acteristic classes ch B c at the level of A := ® P A ' . That amounts to saying that for 
all smooth metrized morphisms and all relative acyclic hermitian vector bundles, 
we should effectively construct some classes in A, which satisfy the (corresponding 
modified) six axioms for relative Bott-Chern secondary characteristic classes. 

Let (/ : X — > Y; E, p; Tf, 77) be a properly metrized datum. Moreover, from now 
on, we always assume that all manifolds are regular projective over C. Then on 
the direct image, we have a well-defined L 2 -metric L 2 (p, r). (Please note that the 
Kahler conditions in the definition of a properly metrized datum for 77 guarantee 
that the L 2 -metric is well-defined via the Hodge decomposition.) 

Lemma. With the same notation as above, 



f*(ch Ar (E,p) ■ td Ar (T f ,T f fj - ch AT (f*E,L 2 (p,T f )^ e A(Y). 
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Proof. In fact, 

C(/* (ch Ar (£, p) ■ td Ar (T /; r/)) - chAr (/*£, £ 2 (p, r/))) 
=/* (c(ch Ar (E, p) • td Ar (T /; r/))) - c(ch Ar L 2 (p, r/))) 

=/,(c(ch Ar (E,p)) •CfWCT^r/)) -c(chAr(/*S,L 2 (p,T/))) 

(by Theorem A.7(iii)) 
=/* (ch{E) ■ td(7») - ch (/*#)) (By Theorem A.lO(iii)) 
=0 (by the Grothendieck-Riemann-Roch Theorem in Algebraic Geomretry). 

Hence, by the exact sequence (7.5), we complete the proof of the lemma. 
Now set 

:=/* (ch Ar (£, p) ■ td Al (T f , r/)) - ch Ar L 2 (p, r/)) G 3(y). 

We claim that ch' BC (E, p; /, 77) gives an effective construction of the relative Bott- 
Chern secondary characteristic classes. So it remains to check that ch' BC (E, p; /, rf) 
satisfies six axioms in Chapters 2 and 3. 

(B.3) First, for Axiom 1, the downstairs rule, we have the following; 
Lemma. With the same notation as above, 

dd c {ch' BC {E, p- f, r/)) = /* (ch{E, p) ■ td(T f , r/)) - ch(f*E, L 2 (p, r,)). 
Proof. This may be obtained by the following calculation. Indeed, 
dd c (ch' BC (E,p; /, T/ )) 
=a;(ch^ c (E,p;/,r / )) (as ch BC (£, p; /, r f ) E A(Y)) 

=u)(j* ^ch Ar (-E, P) ■ td Ar (T/, r/) ) - ch Ar L 2 (p, r/)jj 

(by definition) 

=/* ^w^chAr(-E, p) ■ td Ar (T/, r/)jj - u;(ch Ar (j*E, L 2 (p, 77))) 

=/*(u;(ch Ar (£;,p)) ■oj(td Ar (T f ,r f )^ - tv(ch Ar (/*£, L 2 (p, r/))) 

(by Theorem A.7(iii)) 
=/* (ch(£, p) • td(2>, 77)) - ch(/*£, L 2 (p, r/)) (by Theorem A.lO(iii)). 

This completes the proof. 

(B.4) For Axiom 2, we should prove the following 
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Lemma. With the same notation as above, let (F, p') be a hermitian vector bundle 
on Y , then 

ch' BC {E ® f*F, p ® /*p' ; f, r f ) = ch BC (E, p; f, Tf ) A ch(F, p'). 

Proof. In fact, 
ch BC (E®rF,p®tp';f,T f ) 

=u (ch Ar (E ® r f, p ® / vo • td A rCz>, T f )) - C h Ar [me ® r f), l 2 ( P ® /v, r/ ))) 

(by definition) 

=/, (ch Ar (F, p) • /* (ch Ar (F, p')) • td Ar (7>, Tf j) - ch Ar ((/.(F), L 2 (p, ® (F, p')) 
(by Theorem A. 10' and Theorem A.10(i)) 

=f*(cb Al (E, P ) -tdArCT/.T/)) - ChAr OF, P') - ch Ar (/* (F, L 2 (p, T/)) -GhAr^p') 

(by projection formula and Theorem A. 10') 
= (/,(ch Ar (F,p)-td Ar (T / ,r / )) -ch A r (/*(£, L 2 (/>, ?-/))) -ch A r(F,p') 
=ch^ c (F, p; /, Tf ) A w(ch Ar (F, p')) (by Theorem A.7(iii)) 

=ch' BC (F, p; /, r f ) A ch(F, p') (by Theorem A.lO(iii)). 
This completes the proof. 

(B.5) For Axiom 3, we should prove the following 

Lemma. With the same notation as above, if g : Y' — > Y is a morphism between 
regular projective varieties over C, then 

9} (c/iB C (F, p; /, r f j) = ch' BC [g* f {E, p; /, Tf j) . 

Here as in 2.C.2, we have the base change diagram 

Xx Y Y' % X 

fgi if 

Y> ^ Y, 
and define the pull-back of (E, p; /, Tf) via gf by 

g*f(E,p-J,Tf) = (g f (E,pyj 9 ,g*fTf). 

Proof. In fact, By Theorem A.10(i), the functorial property for arithmetic charac- 
teristic classes and A.8, 

g*f*(ch Ar {E,p)-td Ar {T f ,Tf)) 

= (/ 9 )*(<7/)* (ch Ar (F, p) • td Ar (T /5 T f )) (by A.8) 

= (/„)• (ch Ar ((<7/)*(F, p)) •td Ar ((^)*(T / ,r / ))) (by Theorem A.10(i)) 

= (f g )* (ch Ar ((g f )*(E, p)) .td AT (T fg ,T fg ))) (by definition). 
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So by definition and the functorial property for arithmetic characteristic classes, it 
suffices to show that 

g*(f*E,L 2 (p,T f j) ~ ((f g ).g}E,L*(g}p,T fg j). 

But this is a direct consequence of our /-acyclic condition on E. So Axiom 3 is 
checked. 

(B.6) Now we check Axion 4. This amounts to proving the following 

Lemma. With the same notation as above, let — > E\ — > E 2 — > -E3 — > 6e an 
exact sequence of f- acyclic vector bundles on X . Then for hermitian metrics pi on 
E%, i = 1, 2, 3, 

ch BC (E 2 , p 2 ] f, Tf) - ch^dEi, pi; f, T f ) - ch BC (E 3 , p 3 ; f, r f ) 
=/* (ch BC {E., p.) ■ td(T f , Tf )) - ch BC (/*£., L 2 (p., r,)) . 

Proof. By definition, 

cn Bc(^2, P2; /, r/) - ch / BC (E 1 , p i; /, 17) - ch' BC (E 3 , p 3 ; f, r f ) 

=/* (dl Al .(£ 2 , P2) ' td Ar (T/, Tf)) - ch Ar (/*-&2, ^ 2 (P2, Tf)) 

- (f*(ch Ar (E 1 ,p 2 ) -tdAviTf^f)) -ch A r(/*-Ei,^ 2 (pi,T/)) 
+ /*^ch Ar (£ , 3 ,p 3 ) • td Ar (T/,r/)j - ch Ar (7*£ 3 , L 2 (p 3 , Tf))) 

=f*((ch Ar (E 2 ,p 2 ) -ch^^^pi) -ch Ar (£3,p 3 )) •td Ar (T / ,r / )) 

- (ch Ar ^£;2,^ 2 (P2,T/)) -ch Ar ^/*£'i,L 2 (pi,T / )) - ch Ar (^f*E 3 ,L 2 (p 3 , r f j)) 

=f*(a(ch BC {E.,p.)) -tdArCT/.r/)) - a (ch BC (/*£-, ^V, ?/))) 

(by Theorem 10(iv)) 
=/* (a(ch BC (£., P-) • td(2>, r/))) - a(ch BC (/*£., £ V, r,))) 

(by Theorem A. 7 and Theorem 10(iii)) 
=U (ch BC (E.,p.) ■ td(T f , r f )) - ch BC (/*£., L 2 (p., r f )) 

(by Theorem A.7(iii) and (A.8)). 
This completes the proof of the lemma. 

(B.7) Similarly, for Axiom 5, we need to show the following 

Lemma. With the same notation as in section 2.E, then 

ch BC {E, p;gof, T gof ) - a* (cti BC {E, p; f, Tf ) ■ td(T g , T g j) - ch BC (f*E, L 2 (p, 17); g, T g ) 

= (g°f)* (ch(E, p) ■ td BC (T., t.)) - ch BC ((<7 o /)*£; L 2 (p, T 9of ),L 2 (L 2 (p, T f ),T g )) . 
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Proof. By definition, 

cKc( E i n9°f, T gof) - 9* (ch BC (E, P\ f, V) ■ td(T s , r g )) - ch BC (j*E, L 2 (p, r f );g, 
= {9 ° /)* (ch Ar (£, p) ■ td Ar (T w , Tgof)) - ch Ar ((# o L 2 (p, r go /)) 

-£*((/* (ch Ar (£, p) -td Ar (T/,r/)) - ch Ar (7*£,L 2 (p,T/))) •td(T g ,Tg)) 

- (<7* (ch Ar (/*^, L\p, T f )) ■ td Ar (T g , r 5 )) - ch Ar (g* (/„£), L 2 (L 2 (p, r f ),r g )))) 
= (9 ° /)* (ch Ar (E, p) ■ td Ar (T gof , Tgof)) - ch Ar ((£ o /)*£, L 2 (p, r go /)) 

- <7* ((/* (ch Ar (£, p) • td Ar (T /? r/)) - ch Ar L 2 (p, • td Ar (T g , r g )) 

- (g*(ch Ar {f*E,L 2 {p,T f )) .td Ar (T s ,r 9 )) -ch Ar (^(/,£),L 2 (LV^/),^))' 

(by Theorem A.7(iii) and Theorem A.lO(iii) 
as /*(ch Ar (£,p) -td Al (T f ,T f j) -ch Ar L 2 (p,r f )) e A(Y)) 

= (g o /% (ch Ar (£, p) • (td Ar (T 50/ , r 90/ ) - td Ar (T/, r/) • /* (td Ar (T 5 , r g ) 

- (ch Ar ((#o f)*E,L 2 (p,T gof )) - ch Ar (g*{f*E),L 2 {L 2 (p,T f ),T g ))) 

(by projection formula) 
= (g o /), (ch(£, p) • td BC (T, r.)) - ch BC ((<7 ° /)*£; L 2 (p, r go/ ), L 2 (L 2 (p, T/ ), r g )) 
(by Theorem A.lO(iii). 

This completes the proof of the lemma. 

(B.8) Finally, we are left with checking that chg C satisfies Axiom 6 for relative 
Bott-Chern secondary characteristic classes. 

Lemma. With the same notation as in B.2 and as in 3.C.3, we have 
t 1 ™ (( ch Bc( E t,Pf,gt,T gt ) - ch BC (E t (-X),p' t ;g t ,T gt )) 
+ (ch BC ((g t )*(E t );L 2 (p U T t )^ t ) - ch BC ((gt)*(E t (-X)); L 2 (p' t , r t ), 7 D)) 

= (ch BC (E 00 ,p 00 ;g 00 ,T goc ) - ch^ c (Eoo(-X), p' 00 ;g 00 ,T goo )) + 

(ch B c((goo)*( E oo); ^ 2 (Poo, Too), 7oo) - c/lRC ((5'oo)*(^oo( "A") ); L 2 (p' 00 , Too), 7^)). 

Proof. By definition, Theorem A.10(v), and the fact that the L 2 -metrics are now 
replaced by a continuous family of metrics, it is sufficient to show that 

lim (ch Ar (£ t , p t ) - ch Ar (£ t (-A), p'S) ■ td Ar (T t , Tgt ) 

= ^ch A r(-Eoo,Poo) ~ C^Ar(Eoo(-X), p'^j) ■ td Ar (T OQ , T goa ). 
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But this is a direct consequence of Proposition A.ll. In fact, by Proposition A.ll, 
for all t e P 1 , 

(ch Ar (D t , p t ) - ch Ar {E t (-X), p' t )) • td Ar (T t , r gt ) 
=i* ((ch Ar (D, Dp) - ch Ar (D, Dp)) • td Ar (T G (-logoo),r G )). 

So, by the fact that there exists a well-defined pull-back morphisms CH Ar (P 1 ) — > 
CH Ar (W) and that on P 1 , the arithmetic cycle div Ar (z) := (0 — oo, — log|z| 2 ) is 
rational equivalent to zero, we have 

((ch Ar (E(B x Z), Dp) -ch Ar (E(B x Z -X x P^Dpo)) • td Ar (T G (- log oo), r G )) 
■(W -W oo ,-Log\z\ 2 ) = 0. 

Here Log|z| denotes the pull-back of log \z\ on W. Note that has two compo- 
nents which intersects properly, the restriction of — > E(B X Z— XxP 1 ) — > E(B X Z) 
together with metrics Dp' and Dp results an isometry (D^, p'^J ~ (D^, p'^,), XxP 1 
is away from B X Z, and — D oc (— X) is supported on I C P, 



( (ch Ar (E(B x Z), Dp) - ch Ar (E(B x Z - XxP 1 ), Dp' 
= ((ch Ar (E(B x Z), Dp) - ch Ay (E(B x Z - XxP 1 ), Dp')) 

Hence, in particular, 

^ch Ar (Doo, p^) - ch Ar (D DO (-X), p'^)) • td Ar (T 00 , r 5oo ) 

- (ch Ar (D , p ) - ch Ar (D (-X), p )) • td Ar (T , r 9o ) 

= J ((ch Ar (D(D x ^), Dp) - ch Ar (D(D x Z - X x P 1 ), Dp')) 
•td Ar (T G (-logoo),r G )) • [Log|z| 2 ]. 

Similarly, 

(ch. Ar (E u pt) - ch Ar (D t (-X), pj)) • td Ar (T t , r 9t ) 

- (ch Ar (D , po) - ch Ar (D (-X), p )) • td Ar (T , r 9o ) 

= J {(ch Ar (E(B x Z), Dp) - ch Ar (E(B x Z -Xx P 1 ), Dp')) 

•td Ar (T G (-logoo),r G )) • [Log 



^ |2i 



Easily, one sees that lim^^ \ ^zt\ 2 = \z\ 2 . This completes the proof of the lemma. 
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(B.9) Recall that (/ : X — > Y; E, p;Tf,Tf) is called a properly metrized datum 
if / : X — > y is a smooth morphism of compact Kahler manifolds, (E 1 , p) is an 
/-acyclic hermitian vector bundle, and 77 is a hermitian metric on the relative 
tangent bundle T/ of / such that the induced metrics on all fibers of / are Kahler. 
Then all in all, with the space A defined in B.l, what we have already proved is 
the following 

Theorem. (The Weak Existence and Strong Uniqueness for Relative 
Bott-Chern Secondary Characteristic Classes) There exists a construction 
c/ibc satisfies the six axioms for relative Bott-Chern secondary characteristic classes 
with values in A. Moreover, if there are two constructions chsc o,nd ch' BC which 
satisfy these six axioms, then, there exists an additive characteristic classes R such 
that, for all properly metrized data (/ : X — > Y; E, p; Tf, Tf), in A(Y), 

ch BC (E,p;f,r f ) = ch BC (E,p;f,T f ) + a(f*(ch(E) ■ td(T f ) ■ . 

(B.10) We end this paper by the following remark. There is in fact another effec- 
tive construction for relative Bott-Chern secondary characteristic classes by using 
heat kernels and Mellin transform. Even though such an alternative construction 
involves only analysis, yet it offers us a strong existence of the relative Bott-Chern 
secondary characteristic classes, i.e., the relative Bott-Chern classes at the level of 
A. Sure, once this is done, then the arithmetic Grothendieck-Riemann-Roch theo- 
rem may be viewed as a direct consequence of the uniqueness for relative Bott-Chern 
classes. We will study it carefully in another occasion. 
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